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Abstract

This work deals with Takagi-Sugeno (TS) fuzzy modelling of nonlinear dynamic systems
with uncertainties. Specifically, some novel approaches to estimate Nonlinear Output Error
(NOE) models using TS fuzzy models for a class of nonlinear dynamic systems having vari-
ability in their outputs is presented in this dissertation. The variability in the system output
may be attributed to inherent stochasticity in system dynamics, external disturbances and
noise. Instead of using unrealistic assumptions about uncertainty, the most common of
which is normality, the proposed methodology tends to capture effects caused by the real
uncertainty observed in the data. The methodology requires that the identification method
must be repeated offline a number of times under similar conditions. This leads to multiple
input-output time series from the underlying system. These time series are pre-processed us-
ing the techniques of statistics and probability theory to generate the envelopes of response
at each time instant. Three types of envelopes are proposed in this research: the max-min,
percentile, and confidence interval based envelopes. By incorporating interval data in fuzzy
modelling and using the theory of symbolic interval-valued data, a TS fuzzy model with
interval antecedent and consequent parameters is obtained. The proposed identification al-
gorithm provides for a model for predicting the center-valued response as well as envelopes as
the measure of uncertainty in system output. It is demonstrated in three case studies: with
artificial data, and with the measured data obtained from an electro-mechanical throttle

valve as well as a longitudinal servo-pneumatic drive.
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Kurzfassung

Diese Arbeit behandelt die Takagi-Sugeno (TS) Fuzzy-Modellierung von nichtlinearen dy-
namischen Systemen mit Unsicherheiten. Insbesondere werden in dieser Dissertation einige
neuartige Ansétze zur Schitzung von nichtlinearen Ausgangsfehlermodellen (NOE) unter
Verwendung von TS-Fuzzy-Modellen fiir eine Klasse von nichtlinearen dynamischen Syste-
men mit Variabilitit in den Ausgangssignalen vorgestellt. Die Variabilitdt der Systemaus-
gabe kann der inhdrenten Stochastizitdt der Systemdynamik, externen Stérungen und
Rauschen zugeschrieben werden. Anstatt unrealistische Annahmen iiber die Unsicherheit zu
treffen, iiblicherweise wird eine Normalverteilung angenommen, erfasst die vorgeschlagene
Methodik die Auswirkungen der Unsicherheiten, die in realen Messdaten zu beobachten sind.
Das vorgestellte Verfahren erfordert, dass die Messung der Ausgangssignale unter dhnlichen
Bedingungen mehrmals durchgefiihrt wird. Dies flihrt zu mehreren Zeitreihen der Ein- und
AusgangsgroBlen vom zugrunde liegenden System. Diese Zeitreihen werden mit Methoden
der Statistik und der Wahrscheinlichkeitstheorie vorverarbeitet, um Hiillkurven zu erzeugen.
Dabei wurden drei Arten von Hiillkurven vorgeschlagen, und zwar Max-Min-, Perzentil-
und Konfidenzintervalle. Aus der Integration von Intervalldaten in die Fuzzy-Modellierung
und unter Verwendung der Theorie symbolischer intervallwertiger Daten resultiert ein TS-
Fuzzy-Modell mit Intervallpramissen sowie Intervallparametern der lokalen Modelle. Der
vorgeschlagene Identifikationsalgorithmus liefert ein Modell zum Vorhersagen der mittleren
Systemausgabe sowie der zugehorigen Hiillkurven der Ausgabewerte als Mafl fiir die Un-
sicherheit. Dieses Verfahren wird anhand von drei Fallstudien demonstriert und zwar mit
kiinstlich erzeugten Daten sowie mit Messwerten einer elektromechanischen Regelklappe

sowie eines servopneumatischen Linearantriebs.
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Introduction

This chapter starts with the motivation of the work followed by the state-of-the-art. The
contribution of this dissertation is highlighted next and a brief discussion is provided at the

end.

1.1 Motivation

Modeling of dynamic systems is important in applications such as signal processing and deci-
sion analysis, simulation and prediction (forecasting), fault diagnosis, hardware-in-the-loop
(HIL) simulation, and model-based control. Three types of modeling approaches can be
distinguished, namely white-box, gray-box and black-box modeling [81]. White-box models
are based on first principles. Owing to overly complex dynamics, lack of system insight,
uncertain or unknown system environment, time and accuracy constraints etc., these mod-
els are extremely hard or impossible to obtain in many practical situations. Alternatively,
black-box models can be used. They use only experimental data and do not require do-
main knowledge for their estimation. Gray-box models (also referred to as semi-physical
models) are midway between white-box and black-box models [51]. These models combine
the qualitative knowledge of the system with the empirical data. Black-box models have
the advantage that no physical insight of the system is required, and thus many unrealistic
assumptions need not be made. Most System Identification (SI) algorithms belong to this

category.




1. Introduction

In modeling and control theory, system identification deals with building mathematical
models of dynamic systems from measured-input-output data. Being derived from data,
their accuracy is highly dependent on the information content and the quality of the data
used for identification. The major steps in all SI techniques are experiment design, model
postulation, parameter estimation and model validation. A number of model types have been
successfully used in SI, for instance artificial neural networks [80, 85], piecewise affine systems
[21, 28], Takagi-Sugeno (TS) Fuzzy Logic Systems (FLSs) [7, 52, 108], the Kolmogorov-
Gabor polynomial and parametric Volterra-Series models [81], and Nonlinear Autoregressive

Moving Average models with eXogenous inputs (NARMAX model) [14], to name a few.

Two major types of FLSs can be distinguished, namely Mamdani [68] and Takagi-Sugeno
FLSs. The difference between these two models lies in the consequent structure. In case of
a Mamdani fuzzy system, the consequent is a fuzzy set, whereas in a TS fuzzy system, the
consequent is a mathematical function. While Mamdani FLSs ! have widespread acceptance
due to their suitability for linguistic concepts or variables, TS FLSs are computationally
efficient and better mathematically framed. Moreover, the concepts of linear control theory
can be transferred to nonlinear systems using validity functions and local affine models of
TS fuzzy systems. Owing to their universal approximation capability, the general Single-
Input Single-Output (SISO) TS fuzzy system with linear rule consequents can uniformly
approximate any continuous function on a compact set with arbitrarily high precision [113,
122].

The term “certain” means data are given as exact constants and “uncertainty” means lack
of certainty and having less knowledge. Due to uncertainty, it is impossible to retrieve the
existing state or future outcome [40]. According to [126], “uncertainty is an attribute of
information”. Different kinds of uncertainties arise during the modeling process on account
of limited physical insight of the system, inherent stochasticity in the system, unrealistic
assumptions about the distribution of noise and disturbance (such as Gaussian etc.), unmod-
elled inputs/disturbances, unmodelled dynamics, limited quantity and quality of available
data, and/or limited model complexity for control-oriented modeling. The conventional or
Type-1 2 (T1) TS FLS may not adequately describe the system at hand. In the T1 FLS,
once the Fuzzy Sets (FSs) are fixed, all uncertainty disappears because these sets have fixed,
certain membership values [71]. Consequently, T1 FLSs do not have the ability to effectively

handle ® uncertainties. In addition, they have deterministic rule base and fixed consequent

'Mamdani FLSs are particularly suited for fuzzy expert system type applications, where the rule base is
often collected from people, which renders them more transparent, i.e. easier to interpret.

?Being consistent, with [71], the terms type-1 and type-2 have been used in this dissertation in order to
distinguish the two types of FLSs/FSs.

3By handling uncertainty, it is meant to model and minimize the effect of it.
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structure, which limits their ability to handle uncertainties. Classically, these T1 FLSs are
estimated from a crisp input-output data set, which represents no uncertainty in input and
output, and thus a crisp set of antecedent and consequent parameters are obtained. Also,
the output of a T1 FLS is a crisp number without any uncertainty description associated

with the output.

In most cases of SI using traditional TS FLSs, only the point prediction of output values (i.e.
crisp or point-valued based output values) is provided. These values are without any quality
tag or confidence, which help determine how good the point prediction is or how much the
output value can deviate from the point prediction. If there are uncertainties in the system
dynamics, e.g. because of friction, it may be preferable to obtain several data sets, each
having the same input signal and initial conditions. Consequently, such data sets can be used
to capture the variability in system dynamics. On the contrary, only a single identification
experiment is usually performed, which does not take into account of the variation of the
output time series in different data sets. Variability in the output time series is defined as
the inherent variation of the output time series when the same input signal is applied to the
system under the same initial conditions. Stochastic systems show variability in their output
due to their inherent stochastic nature. If such a stochastic system is to be modeled using
input-output data, it would be advantageous to capture output variability in different data
sets obtained by repeating the identification experiment multiple times, keeping the input
and initial conditions constant. Thus, when dealing with stochastic systems, using only
one data set for identification ignores the variability of the system output and the model is
developed only for one data set, which represents one realization of the output time series.
Thus for reliable identification, it is necessary to have information on the variability of the
output besides a predicted value of the output. Dependent on the character of the variability,
this information could be max/min boundaries of the output or statistical information on
its spreading. Such a model should be able to provide a range of output values where the
predicted output is expected to lie in the presence of all these uncertainties. Moreover, the
model should have uncertain parameters to show the variations in prediction, which can be

used for robust control.

Finally, it is desirable to develop a model for the Nonlinear Output Error (NOE) case, also
referred to as parallel configuration or recursive evaluation. The NOE model is important
for many practical reasons, e.g. accurate simulation, model predictive control. The NARX
and NOE models are described in detail in Sec. 4.3.

It is worth mentioning here that the estimated model should reflect uncertainties as real-

istically as possible. In most of the cases, a normality assumption is made, for instance
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using Gaussian Processes (GPs). However, this contradicts the reality in many practical
nonlinear systems, such as the electro-mechanical throttle, where the observed stochastic
behavior is mainly due to friction. Fig. 1.1 shows the resulting output time series when a
multisine input is applied to the electro-mechanical throttle multiple times, see Sec. 3.6.2 for

details. Due to the stochastic behavior of friction, a band of output time series is observed.

100

Angular position in °

Time in sec.

—— Mean time series —— CI based LB
—— CI based UB Measured time series

Figure 1.1: The output signal (the angular position of the throttle) for M =80 experiments

By examining the distribution of output values at each time instant, it is observed that
the output values are distributed non-normally and unsymmetrically, as illustrated in Fig.
1.2. Modelling such a system using GP or other probabilistic methods which require the
distribution to be normal (the Gaussian Mixture Model (GMM) is excluded) would lead
to erroneous results. As it is computationally infeasible to process all these histograms at
every time step, it is desired to first transform this data into computationally feasible form
by using statistical techniques, for instance, maximum-minimum values, confidence bounds

or percentiles.
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2
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Figure 1.2: Uncertainty analysis of y; at k =100

1.2 State-of-the-Art

The application of the classical T1 FLS is limited to the cases where the mathematical
model of a system is described by T1 fuzzy sets which have no uncertainty about the
membership function values. Modeling a stochastic system having stochastic rule base or

interval/ histogram output requires special treatment.

Zadeh first introduced the concept of fuzzy sets in his seminal work in 1965 [127]. Soon after
that, he proposed the theory of fuzzy logic in 1973 [123]. Although, the original concept of
T2 FLS was presented in 1985 by Zadeh in his work [124], it did not gain much popularity
until the work of Mendel in 1999 [43]. Since then, the T2 FLS [71, 88] has gained a lot
of popularity in the fuzzy logic research community. The difference between the T1 FLS
and T2 FLS lies in the type of fuzzy sets used in the fuzzy inference mechanism. T1 FLSs
use T1 FS in which for each given value of the linguistic or fuzzy variable in the universe
of discourse, the membership of the variable takes a crisp value between 0 and 1, i.e. in
the close set [0,1]. Whereas, in T2 FLSs, which use T2 FSs, the membership functions
are themselves fuzzy, leading to primary and their corresponding secondary membership
functions. It is the additional degree of freedom in T2 FLSs that makes it possible to
better model uncertainties. In [73], it is mentioned that there exist at least four sources of
uncertainties in T1 FLSs justifying the use of T2 FLSs:
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1. The meanings of the words that are used in the antecedents and consequents of rules

can be uncertain (words mean different things to different people).

2. Consequents may have a histogram of values associated with them, especially when

knowledge is extracted from a group of experts who do not all agree.
3. Measurements that activate a T1 FLS may be noisy and therefore uncertain.
4. The data that are used to tune the parameters of a T1 FLS may also be noisy.

According to Mendel and John, “Type-2 fuzzy sets allow for linguistic grades of membership,
thus assisting in knowledge representation, and they also offer improvement on inference with
type-1 fuzzy sets [73]”. Since all these uncertainties can be translated into uncertainties in
fuzzy set membership functions, Mendel and his co-authors [42, 44, 45, 60, 71] motivated the
use of Type-2 (T2) FLSs in cases where classical T1 FLSs are not capable of handling the
higher degree of uncertainty adequately. According to Mendel, by handling uncertainty, it is
meant to model and minimize the effects of it [71]. Thanks to their additional design degrees
of freedom, T2 FLSs accomplish this task, leading to more design parameters, which are
determined during the training stage, resulting in increased robustness and higher accuracy
in terms of error reduction as compared to their counterpart T1 FLSs especially when the
noise is heterogeneous (noise variance changing with time) and has relatively large value of

variance.

T2 fuzzy logic is very useful when it is difficult to determine the exact membership func-
tions of the fuzzy sets [73]. Since T2 FLSs are computationally expensive and harder to
understand, their use is still limited, especially in real-time applications, and there has to
be a solid justification behind their use. For instance, Mendel suggested to use the T2 FLS
in applications such as function approximation, forecasting, learning linguistic membership
grades, and decision making etc., when the measurement noise is non-stationary and the
mathematical description of the nonstationarity is unknown [71]. To limit the tremendous
computational complexity associated with General Type-2 (GT2) FLSs, some simplified vari-
ations have been proposed, namely Interval Type-2 (IT2) FLSs [59], Quasi-Type-2 (QT2)
FLSs [74], a-plane representation based T2 FLSs [75], and z-slices based T2 FLSs [112].
T2 FLSs have shown superior performance in terms of robustness and error reduction in
the presence of large uncertainties as compared to their counterpart T1 FLSs in various
applications, such as modeling and identification [2, 36, 37, 39, 115, 118], control of mo-
bile robots [30, 117, 119], decision making [77, 78], time series forecasting [44, 76|, stock
price forecasting [82], motion planning [8, 86|, image processing [16, 136], equalization of

nonlinear fading channels [61, 62], to name a few. For a concise review of the industrial
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applications of T2 FLS, see [24]. Nie et al. [83] analyzed the modeling capability of the T1
FS and IT2 FS and concluded that IT2 FLSs achieve higher modeling accuracy on account
of the unique characteristics of the IT2 FS, i.e. the additional design freedom of IT2 makes
it robust against the variation of its Membership Function (MF) from the ideal one (because
of the presence of uncertainties) in terms of its centroid deviation from the ideal one giving
the I'T2 FLS the potential to achieve higher modeling accuracy as compared to the T1 FLS.
One of the main difficulties in T2 FLSs is the determination of T2 FSs. Zarandi et al. [135]
used the T2 FLS to model desulphurization process of a real steel industry in Canada, in
which they used fuzzy c-means clustering and Gaussian Mixture Model (GMM) to system-
atically estimate the primary and secondary membership functions, respectively. Wang et
al. [115] used T2 TS fuzzy model for modeling dynamic systems having measurement noise
as uncertainty. They used the improved nearest-neighbourhood clustering [114]. However,
these approaches only judged the performance of T2 FLSs based on their higher accuracy as
compared with their counterparts T1 FLSs and ignored one of the key advantages of using
T2 FLSs over T1 FLSs, i.e. their ability to provide a Type-Reduced (TR)? set as a measure
of quantitative uncertainty associated with the output on account of various uncertainties
encountered during the modeling process. One of the studies on the TR set as a measure of
input-output uncertainty was carried out in [65]. Keeping note of the fact that a T2 F'S can
be considered to be composed of a number of embedded T1 FS, the authors demonstrated
that the output TR set over estimates the output uncertainty range when compared to the
results of the Monte Carlo simulation. In summary, T2 FLSs have been generally renowned
for their capability to model various sources of uncertainties. One of the key advantages of
T2 FLSs is that not only do they provide a crisp output at the end, but also an uncertainty
description as additional information, in terms of a type reduced set. The main drawback
is the increased computational complexity, especially in type reduction, and the lack of a
systematic design approach to model effectively uncertainties in the secondary membership
function of T2 FSs. Furthermore, the accuracy of the TR set in terms of actual fuzziness
associated with the output has not been well established yet in terms of modeling uncer-
tainty, and to date there is no systematic way to incorporate and meaningfully quantify

data uncertainty in the inference mechanism of T2 FLSs.

Two types of uncertainties should be distinguished, namely statistical or probabilistic uncer-
tainty (more commonly known as randomness) and non-statistical or fuzzy uncertainty (also
called as fuzziness). The fuzziness and randomness are two conceptually different kinds of
uncertainties and should be handled with the fuzzy logic and the probability theory, respec-

tively. The fuzzy logic and probability theory are complementary rather then competitive

ATR is a T1 FS that provides a measure of uncertainty about the crisp output of a T2 FLS.
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[98, 125]. Meghdadi [70] proposed probabilistic fuzzy logic and probabilistic fuzzy systems,
in which he combined the non-statistical and statistical uncertainty, in the paradigm of fuzzy
logic and probability theory, respectively, in a unique and unified framework. Although, ow-
ing to their universal approximation capability to approximate any real continuous function
on a compact set to arbitrary accuracy [113], fuzzy sets have been attributed to success-
fully model complex deterministic systems, their performance degrades significantly by the
existence of randomness or probabilistic elements [70]. In the proposed probabilistic fuzzy
system, both the probability theory and the fuzzy theory co-exist in a combined framework
to better represent non-deterministic real world systems. Moreover, the conventional fuzzy
system can be regarded as a special case of the probability fuzzy system with zero degree of
randomness. Notwithstanding the research conducted on the probabilistic fuzzy system [70],
random fuzzy variable [19], and probabilistic interpretation of fuzzy sets [58] etc. describing
the relationship between randomness and fuzziness, they cannot be directly applied to en-
gineering applications [66]. Motivated by the T2 FLS, Liu et al. introduced a special type
of T2 FLS that was based on the probability theory, the Probabilistic Fuzzy Logic System
(PFLS) [66, 67]. The PFLS is also referred to as the three-dimensional FLS [57]. Zhang
et al. [137] developed an efficient configuration for the PFLS by unifying the probabilistic
inference and the fuzzy inference based on the continuous form of the probabilistic fuzzy
set. The PFLS is based on Probabilistic Fuzzy Sets (PFSs), which are different from T2FSs
in that there is a Probability Density Function (PDF) in the PFS, instead of a fuzzy set as
in the T2 FS, in the third dimension of the fuzzy set. Different from the T2 FS, The mem-
bership grade of PFS is a random variable with a certain PDF. The inference mechanism
in PFLS is completely based on the probability theory. The PFLS has the capability of
modeling a system with both non-stochastic (or non-statistical) and stochastic (or statisti-
cal) uncertainties thanks to the presence of the primary fuzzy MF in the second dimension,
and the PDF in the third dimension. The output of the PFLS is a random variable with a
certain PDF which actually provides a measure of stochastic uncertainty associated with the
output. The main limitations of PFLS include computational complexity, lack of systematic
way of determining the PDF from the data, and the interpretation of the output PDF as
the observed PDF of the output. Furthermore, the PDF in the second dimension of T2 FS
is often assumed to be a Gaussian distribution, which makes the modeling inaccurate when

the underlying distribution is non-Gaussian.

Classical fuzzy models only provide a point or average prediction® with no description of
the reliability of the prediction. However, it is often required to have the information of

spread, for example in robust control. Inspired by the fact that the model response should

5The predicted output is expressed by a crisp or a point-valued real number
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be associated with the quality tag or confidence measure, Khosravi et al. [47] proposed
the Prediction Interval (PI) based Adaptive NeuroFuzzy Inference System (ANFIS). A PI
represents the uncertainty in prediction and offers a range that the target is highly likely
to lie within [47]. A number of methods dealing with PI construction have been developed
for Artificial Neural Networks (ANNs) [35, 48, 84, 110], but such methods were not applied
to fuzzy systems until the work [47]. The author applied the delta method to construct the
prediction interval based on the additive noise term and the model variance. In addition,
the author defined a criterion namely the Coverage-Width-based Criterion (CWC). This
criterion was based on both the Prediction Interval Coverage Probability (PICP), which
determines the validity of PIs (the predicted output lies within the PI), and the Normalized
Mean Prediction Interval Width (NMPIW), which describes how informative a PI is (the
width of the PI). They used simulated annealing for optimizing the CWC. One of the main
limitations was regarding the assumption of uncertainty. It was assumed that the combined
uncertainty due to noise and modal variance (based on the Jacobian function of the model
parameters) is independent and identically distributed (i.i.d.) and Gaussian. Moreover, the
model has no ability to incorporate the inherent variability of the system. In order to relax
the normality assumption, the same first two authors introduced a prediction interval based
T2 FLS [46, 49]. In that model, the constructed PIs were non-parametric in nature and
the model did not make any assumptions about uncertainty distribution. The lower and
upper bounds of a PI were taken as the left and right end points of the TR set of the 1T2
FLS. As used previously, they used the CWC criterion, which included both the validity
and informativeness aspect of the Pls, to measure the quality of the constructed Pls. The
CWC based non-continuous and non-differentiable objective function was optimized by the
Simulated Annealing (SA) meta-heuristic optimization method. The major disadvantages
include very high computational complexity and the model has no ability to incorporate the

inherent stochasticity in the system dynamics.

The methods discussed so far have been used for the case of crisp data sets, i.e. data sets
which have crisp inputs and outputs. On the contrary, the real data set from the process
or plant very often cannot be pinned down to crisp-valued data set owing to the presence
of different uncertainties in the real world. With the advent of advancements in the field of
data storage and processing of large data sets, the use of complex data sets instead of simple
crisp data sets in order to improve the information content of the collected data has emerged
in the last few decades. In particular, complex data can be represented and processed in
the form of intervals or histograms in the paradigm of Symbolic Data Analysis (SDA) [12,
15]. Fuzzy modeling of dynamic systems using interval data have been rarely discussed in

the literature. In 2005, Skrjanc [105, 106] proposed a new type of fuzzy model, referred
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to as INterval FUzzy MOdel (INFUMO). INFUMO was particularly useful in cases where
a system was defined by a family of uncertain nonlinear functions, or alternatively, when
a system has uncertain physical parameters. In INFUMO, an interval [.-norm function
approximation methodology was developed by using the min-max approach of the Linear
Programming (LP) technique and the TS FLS approach. One of the key assumptions for
INFUMO was that the upper and lower bounds of response were available as the reference or
target time series for the upper or lower fuzzy models. In their considered simulation example
of simplified car dynamics as a nonlinear time-invariant system with uncertain physical
parameters [3], they obtained the upper and lower bounds of the response by first considering
all possible extreme variations of the parameters. It leads to a family of functions, and
then the minimum and maximum functions out of that family were determined in order to
generate an interval response. The LP technique was applied independently on these bounds
to give rise to a fuzzy model with a set of lower and upper parameters. The antecedent
structure was determined in the classical way and they assumed that the antecedent variable
had no uncertainty. Therefore, one of the shortcomings of INFUMO was its requirement
to have crisp antecedent variables, which restricted its usage mainly to static systems, as
a result of which the model had consequent parameters in the interval form, whereas the
antecedent parameters were crisp. Moreover, since the upper and lower fuzzy models were
independent of each other, the approach is not appropriate for interval dynamic systems.
The model proposed by Xu and Sun [107, 120], referred to as Interval TS Fuzzy Model
(ITSFM), overcame this limitation of INFUMO. The ITSFM has the advantage that it
handles the case of crisp input and interval output in a unified framework using interval
arithmetic. The obtained consequent parameters were in the form of an interval, whereas
for partitioning the input space, the center and half range values of the antecedent variables
were clustered separately. The Triangular-norm (T-norm) operator was used to combine the
two membership grades. They only considered the case of OSAP or NARX. Furthermore,
the model had the limited capability of representing uncertainty in parameters, since only
the consequent parameters were represented as intervals. Since the antecedent structure
was not handled using the theory of interval clustering, the model was hard to interpret and

compared with other commonly known model descriptions.

Alternatively, for handling uncertain information, fuzzy regression analysis [25, 109] can be
used; the case is simplified where a model has interval parameters as the special case of
fuzzy parameters in [34]. However, it is extremely difficult to determine and interpret the
possibility distribution for parameters and/or data in SI of real world dynamic systems, and

it is not well defined yet.
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1.3 Contribution of the Dissertation

The major contributions of this dissertation lie in the development of novel Crisp- and
Interval-Based Data Type-1 FLSs for modeling of stochastic nonlinear dynamic systems.
Furthermore, the brief introduction and conceptual sketches for Interval Type-2 FLSs have
been presented. Furthermore, uncertainty analysis using statistics and probability theory
has been performed to determine the underlying PDF and carry out normality tests. For
the developed models, statistics and probability theory based pre-processing techniques have
been developed to generate interval data. In these models, Fuzzy clustering and weighted
interval linear regression have been used to estimate antecedent and consequent parameters
using the theory of symbolic data analysis. The models have been developed for both the
NARX and NOE cases. Finally, all these methods have been practically demonstrated on

two experimental systems and one academic example.

The developed models extend the multidimensional reference fuzzy sets at the antecedent
parts [52] for both crisp and interval data. For the first time, it enhances the classical
fuzzy modeling by endowing it with the stochastic theory and the Symbolic Data Analysis
in a unique way, thereby giving the model the ability to incorporate variability in system
dynamics. Motivated by the fact that a stochastic system produces different time series
each time when the same input signal is applied to it under the same conditions, the output
variability is captured in the system by repeating the identification experiment a number of
times and record multiple data sets for identification and validation. Having obtained the
multiple data sets, the multiple output time series are visually and numerically analyzed
at each time instant in order to determine several information about uncertainty, such as
the histogram of data, the type of distribution (normal/non-normal, symmetric/asymmetric
etc.), the moments of distribution, etc. This step is called the pre-processing of data before
identification. This pre-processing is essential in order to reduce the data dimensionality,
and thus be able to identify a model using the reduced dimensional data. As a result of this
pre-processing, the multitude of output time series reduces to three time series, namely, the
mean/median/mode or most likely time series for point prediction, and the two time series
(lower and upper time series) that provide the envelopes of the response. Three kinds of

envelopes are proposed in this research, namely
1. The max-min envelopes
2. The percentile based envelopes and

3. The Confidence Interval (CI) based envelopes.
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The idea of using the sample-wise max-min hard bounds was first introduced as envelopes
and referred to as max-min envelopes [128]. The main drawbacks of using max-min envelopes
include sheer conservativeness, dependability on the given sample, least robust statistics in
the presence of outliers, and the fact that a minimum or maximum value of an infinite
tail distribution may not be defined. On the flip side, max-min bounds provide for the
worst-case variability, which can be of, depending upon the application, practical relevance.
The method was successfully demonstrated for the electro-mechanical throttle. Besides
envelopes, the method had the drawback that it uses two independent TS fuzzy models for
estimating the lower and upper bound output time series, giving rise to lower and upper
fuzzy models or the fuzzy model with lower and upper set of parameters. Later on, the
concept of probabilistic bounds based on the (1 - «)100% confidence level was introduced
(o is called the “significance level” of the underlying distribution) CI [130]. The approach
taken in [130] makes the assumption that the expected value is the best point estimator for
the given data set. Recall that the expected value is the weighted average or arithmetic
mean of a certain PDF. For capturing the spread of the distribution, the CI based envelopes
are obtained using the extended Chebyshev’s inequality® for finite sample size [18, 41]. The
key advantages of using this inequality is that it does not require any data insight and
thus it makes no assumption about the distribution. Nevertheless, this makes the obtained
envelopes extremely conservative. If the distribution of the data is known a priori, then
this conservatism can be avoided by using the coverage factor of the underlying distribution,
rather than of the ‘general’ distribution as provided by the extended Chebyshev’s Inequality.
As previously, two independent TS fuzzy models are estimated individually for estimating
the lower and upper bounds or the envelopes of response for the NOE case. Since the
structure of Chebyshev’s Inequality makes the inherent assumption that the values are
symmetrically distributed around the mean, the expected response is obtained by calculating
the sample wise average of the response of these two fuzzy models. However, this will
in general not be the true expected response. In the work presented in [131], as done
previously, the data is pre-processed using the extended Chebyshev’s Inequality to generate
interval output, and then that data was directly used in the T'S modeling, by utilizing the
techniques for Symbolic Data Analysis (SDA), and developed a single TS fuzzy model with
interval antecedent and consequent parameters. The technique is successfully demonstrated
on a servo-pneumatic longitudinal drive in [133]. The developed model is referred to as
Interval-Data Based (IDB) Type-1 Takagi-Sugeno FLS (IDB T1 TS FLS).

5The inequality is valid for both symmetric and asymmetric distributions. However, less (more) conservative
bounds are obtained when the distribution is symmetric (asymmetric).
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The IDB T1 TS FLS directly uses the interval data for clustering and it is based on SDA.
The aim of SDA is to provide suitable methods (clustering, factorial techniques, decision
trees, etc.) for managing aggregated data described by multi-valued variables, where the
cells of the data table contain sets of categories, intervals, or histograms [13, 15]. The IDB
T1 TS FLS takes interval data and furnishes a crisp partition using the Interval-Data Based
Crisp-Valued Fuzzy C-Means (IDB CV FCM) clustering method [1]. The Fuzzy c-means
clustering method for symbolic interval data (IFCM) works on the principle of optimizing an
adequacy criterion based on suitable squared Euclidean distances between vectors of inter-
vals [1]. The IFCM uses the same Euclidean distance norm for every cluster which results in
spherical clusters. On the other hand, if clusters of different shapes and sizes are required, or
in other words, if clusters need to be adjusted according to the spread/distribution of data,
the fuzzy c-means clustering method for symbolic interval data based on an adaptive squared
Euclidean distance between vectors of intervals (IFCMADC) can be used [1]. As a conse-
quence of this type of clustering, the resulting cluster prototypes are in the form of intervals,
which defines the antecedent structure of IDB T1 TS FLS. Having done the partitioning,
the consequent structure has to be determined. The center and range method suitable for
the symbolic interval data [64]. Needless to say, any method for weighted interval regression
can be used for estimating the consequent or local model parameters, where weights are
actually the membership function values. For keeping the task simple and computationally

efficient, the center and range method is chosen.

In all of these models, the model is first estimated for the Nonlinear AutoRegressive with
eXogenous Inputs (NARX) model, because it is simpler to estimate as only the past measure-
ments up to the present are used for model estimation and the future response is determined
based on these measured values of input and output. A nonlinear optimization algorithm is
used to estimate the NOE model, in which the parameters of the NARX model are used as

initial values.

The motivation behind choosing the experimental test stands in this research is that the
open-loop data showed significant variability in the output especially at low frequencies.
The most important and significant common factor of stochasticity in these systems is
complex frictional effects (stick-slip effect, static and dynamic friction, Coulomb and Stribeck
friction). Beside friction, other factors that can contribute to stochasticity include random
spring characteristic and manufacturing imperfections. Besides the experimental test stands
of electro-mechanical throttle and servo-pneumatic linear drive, the developed model is
demonstrated and validated on a modified simulation benchmark in the work presented in

[132]. The chosen system is a second order Single-Input Single-Output (SISO) nonlinear
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system [79] with artificially added noise of known distribution at each time instant. This
simulation case study is particularly useful because the true time series is known along with
its spread and thus the modeling performance can be easily validated. In each of these case
studies, a family (band) of output time series is obtained due to the inherent stochasticity
in the system as a result of experiment repetition, which forms the basis for the developed

identification approach.

The developed models are assessed based on the model complexity, the modeling perfor-

mance, and the quality of prediction or the spread information.

1.4 Outline of the Dissertation

The rest of this dissertation is organized as follows: Chap. 2 provides the general and
mathematical description methods of selected case studies, together with the details of the
Design of Experiment (DOE). Chap. 3 presents some uncertainty analysis and description
which are required to convert the data in the form that can be used for modeling. Specifically,
some techniques have been mentioned that are used for visually inspecting and estimating
the PDF that describes uncertainty. Next, the chapter describes different types of envelopes
based on the statistics and probability theory. The methods described in this chapter
have been applied on the two test stands and the academic example. In Chap. 4, a brief
introduction to T2 FLS is provided along with a general overview of the developed modeling
approaches based on the crisp and interval data and membership values. The modeling
notations used extensively in this dissertation are introduced and tabulated. This chapter
ends with the mathematical and visual comparison of the presented models. Chap. 5 and
6 form the crux of the conducted research. Having provided the related work and solid
background, these chapters present modeling of the test stands using crisp and interval
valued data. Finally, this dissertation ends with some conclusions and outlook on future

research in Chap. 7.
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Studies

As mentioned in the previous chapter, three case studies have been used in this research
to demonstrate the validity and effectiveness of the developed uncertainty modeling and
identification approaches. In this chapter, a brief introduction to these case studies will be
given along with the motivation behind choosing them. Two of these case studies consist of
experimental test stands available in the laboratory of the Department of Measurement and
Control Engineering (MRT), Institute for System Analytics and Control (ISAC), University
of Kassel, Germany. The simulation example is taken from one of the simulation benchmark
systems for identification. A brief description of each of these case studies is given in the

following sections.

2.1 Academic Example

2.1.1 Motivation

The system is one of the academic simulation benchmark systems for nonlinear system
identification [53, 79]. Since, the developed modeling approaches require the system to be
stochastic in nature, this system is made stochastic by artificially introducing an uncertainty
of known type by adding noise to the output at each time instant as described in Sec. 3.6.1.

The rationale behind choosing this example is that the most likely response of the system is
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known as well as the type of uncertainty, and thus the modeling results using the developed

modeling framework can be verified as will be shown in later chapters.

2.1.2 Mathematical Description

The original system is a Single-Input Single-Output (SISO) deterministic nonlinear dynamic
system described by a second order difference equation as follows:

y(k)y(k - 1)(y(k) +2.5)
L+y?(k) +y*(k-1)

y(k+1) = u(k), (2.1)
where k denotes the discrete time index, u(k) and y(k) represent the input and output
signal at the k-th time instant, respectively. Since this chapter deals only with the deter-
ministic system description, the system presented here is purely deterministic, i.e. without

noise/disturbance /variability etc. Stochasticity is introduced in the system in Chap. 3.

2.1.3 Design of Experiment

A sequence of uniformly distributed random numbers in the closed interval [-2,2] is chosen
as the input signal. A total of N = 2000 samples are used for identification and validation.
The first half of the data is used for identification and the remaining half is used for validation.
The hold time and the change probability are chosen as Npoq = 10 samples and pg, = 0.5,
respectively, in this case study. Therefore, there is an equal chance whether the input signal

remains at its previous value or changes to a new value, as follows:

u~U(u;-2,2) with probability p = pg
() = ( ) p Y P =Peh (2.9)
u(k-1) with probability p =1 - pey

where U (u;-2,2) denotes the uniform distribution of the random variable u € [-2,2]. Since
the system given by Eq. (2.1) is of second order, its simulation requires two initial conditions,
which are taken as y(0) = 0 and y(-1) = 0 in this research. The resulting input and the

output signal used in the case study are shown in Fig. 2.1.
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Figure 2.1: The input and the output signal without noise for the simulation case study

2.2 Electro-mechanical Throttle Valve

2.2.1 Motivation

The electro-mechanical throttle was presented as a benchmark problem for nonlinear system
identification in [129]. An electro-mechanical throttle is one of the most important mecha-
tronic elements of the automatic engine management system used in modern vehicles. Being
standard components in Diesel and Otto combustion engines, electro-mechanical throttles
are widely used. For the same reason, they are constructed in simple and cost-effective
ways in order to meet robustness and low cost requirements. When modelling an electro-
mechanical throttle valve, several complexities are encountered, owing to factors such as
manufacturing imperfections, significant friction and nonlinear return spring characteris-

tics.
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Physical or white-box models for the electro-mechanical throttle have already been derived
in literature, e.g. [94, 101] to name a few. However, such models are not accurate in prac-
tice on account of unrealistic assumptions and over-simplification. The randomness in the
electro-mechanical throttle is mainly attributed to friction. Being stochastic in nature, fric-
tion is often state-dependent and causes complex effects such as stick-slip, see [87] and the
references therein for more detail. Besides friction, the factors such as manufacturing defects
and imperfections increase the modelling complexity. In addition, some mechanical parts,
especially those made up of plastic, may undergo deformation or wear and tear with the pas-
sage of time. Additionally, not every physical behavior can be modeled perfectly, for instance,
the nonlinear characteristics of return spring and inertia are not typically known. System
identification enables one to effectively and efficiently estimate a plausible mathematical
model that best describes the underlying nonlinear dynamics. It uses an input-output data
set which incorporates all complex effects, and through that data set, it estimates the best
model from a selected model class that best describes the given data set with respect to the
chosen criteria. One of such attempts consists of the work done by Vasal et al. [111]. They
proposed and developed a PieceWise AutoRegressive eXogenous (PWARX) model based
on K-means clustering and Multi-category Robust Linear Programming (MRLP). Lebbal
et al. [54] developed a model in which they considered various frictional effects in differ-
ent operating regions of a throttle. In their work, they treated nonlinearities as additive
unknown inputs and used the techniques of classification and linear identification to build
their model. By utilizing K-means clustering and Multi-category Support Vector Machine
(M-SVM), a computationally efficient PWA model was developed by Ren et al. [95]. In that
work, a NARX model was estimated and then succeedingly optimized to become a NOE

model using the simplex algorithm.

2.2.2 Description of the Test Stand

This system is a SISO nonlinear stochastic dynamic system. The major parts of an electro-
mechanical throttle valve include a DC motor, a gear box, a return spring and a throttle
plate integrated in metal housing as illustrated in the technology scheme of the throttle
in Fig. 2.2. The angular position of the throttle plate is considered as the output signal
y(k). The values of ¢ = 10° and ¢ = 90° correspond to the fully closed and open positions,
respectively, of the valve. A Pulse Width Modulated (PWM) signal is used to drive the
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Figure 2.2: The technology scheme of an electro-mechanical throttle

motor. The effective value of this PWM signal can be varied by changing its duty cycle!,
which is taken as the input signal (u(k)) measured in percentage. The test stand that has
been used in this research for collecting data for identification and validation is illustrated

in Fig. 2.3. As can be seen from the figure, the standard automotive throttle is used without
load in the laboratory setup.

Figure 2.3: The complete test stand of the electro-mechanical throttle valve

2.2.3 Design of Experiment

The test signal used for the identification of the throttle was taken from Ren et al. [95,
97]. The measurements are recorded and filtered at the sampling time of Ty = 10ms. The

sampling time is selected based on a priori knowledge of the system. On one hand, it should

"Duty cycle is defined as the ratio between the pulse width (T,,) and the period (T, +T,ff) of a rectangular

waveform, i.e. Duty Cycle = ﬁ’ where T,,, and T,s; denote the on and off time, respectively. The

positive and negative values indicates the polarity of the DC voltage applied to the throttle.
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not be too small compared to the underlying dynamics; on the other hand, it should not
be too large that it may skip the important high frequency characteristics of the system.
Selecting too small a sampling time can cause some serious problems, such as numerical-ill
conditioning at the stage of parameter estimation, and high sensitivity to high frequency
noise and disturbances etc. Therefore, it is always a trade-off when selecting a sampling
time or interval. Roughly, it was selected as 10 % of the settling time of the open loop step

response of the system [38, 95].

The input-output data set for this system as a benchmark problem for nonlinear system
identification was presented in the work [129]. This data set is now available at [29]. It
contains a multisine signal of length Njgen = 10000 samples for identification and a skyline
signal of length Ny, = 2500 samples for validation of the model. These signals are shown in

Fig. 2.4 and Fig. 2.5, respectively.
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Figure 2.4: Multisine input and the corresponding output signal for identification
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Figure 2.5: The skyline input and the corresponding output signal for validation

The multisine signal has been widely used for nonlinear system identification. One of the key
advantages of a multisine signal is in its flexibility of design in order to excite the system at
the desired amplitudes and frequencies. Since the experiment is performed in open-loop, the
offset of the multisine signal plays an important role in determining the operating range of
interest. It was selected heuristically such that the throttle operates in its normal operating
range between 10° and 90° for the maximum possible duration and it does not stay too long
at its hard mechanical limits. Having excited the throttle with the multisine signal, the
measurement of the output signal is recorded and is displayed in Fig. 2.4. Next, we briefly

describe the design procedure for this multisine signal. For further details, see [129].
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A multisine signal u(¢) with a limited frequency bandwidth is determined by a finite number

of N}, harmonics and is mathematically represented by the following equation:

Np,

u(t) = Z ap,;i cos(Wh i -t + Qpi) + Uoffset, (2.3)
i=1

where Uoftset, @h,i, whi and ¢y ; denote the offset, amplitude, angular frequency and phase
shift of the i-th harmonic component, respectively. When selecting the length of the input
signal, one has to make a comprise between the model estimation quality and the compu-
tational tractability. On one hand, if the signal length is too small, the model may not be
sufficiently excited (the problem of under excitation may occur) and will thus have poor
generalization capability in regions where the system is not adequately excited. On the
other hand, if the signal length is too large, data processing requires a long time, and
thus the computational complexity is increased. Keeping these facts in mind, the length
of the multisine signal is chosen to be 100 s. The frequency band of interest lies between
Fax 5 Hz < F < Fipin ~ 0.7 Hz [95, 97]. In this frequency band, only the prime harmonics
are considered so that the effects of nonlinear distortions can be minimized [93, 95, 97].
With regard to the amplitude (aj; =8, Vi) and the offset (uomer = 14), they were selected
heuristically such that they excite all the important amplitude and frequency characteris-
tics of the system while staying with the operating range for the maximum duration and
avoiding staying at the mechanical hard limits of opening and closing too often. In order to
enhance the information content of the input-output data for the given fixed length of the
input signal, the peak factor of the input signal is optimized by optimizing the phase values.
Furthermore, one of the motivation behind optimizing the peak factor of the input multisine
signal is that it increases the SNR (Signal to Noise ratio) of the input, thus allowing the
maximum power injecting into the system for the given operating range of the input signal.
For that matter, the Schroder phases [102] are used as the initial value for the optimization.
The Schroder phases for a multisine signal having d spectral components is mathematically

described by the following equation:
bhi=¢n1—i-(i-1)-7/d,

On1 =0, (2.4)
2<i<d
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2.3. Servo-Pneumatic Longitudinal Drive

In order to get a uniform coverage of the input signal in its operating region, the phase
values of the multisine signal are optimized by iteratively minimizing the Covering Index
(CovInd) [26, 116] as carried out by Ren et al. [97]:
1 & N
Covind = ————— S (ne - n;)?%,  withn; = — 2.5
N.(l—i c;(c i) o, (25)

where N = 10000 is the total number of datapoints, n, = 100 is the number of intervals,

ne = 100 and n; are the current and ideal number of data points inside each interval.

A skyline signal, shown in Fig. 2.5, is designed for the model validation. This test signal is
typical in the industrial applications of throttles. It tests the modeling performance of the
throttle in typical operation including the hard mechanical limits. This signal consists of
random jumps of different amplitudes and durations. The amplitude of the input signal is
chosen randomly in the range of 0 % to 100 %. This results in the output signal shown in
Fig. 2.5.

2.3 Servo-Pneumatic Longitudinal Drive

2.3.1 Motivation

The second experimental case study uses a piston rod-less servo-pneumatic longitudinal
drive which is also available in the laboratory of the Department of Measurement and
Control Engineering, University of Kassel. Pneumatic drives have been used extensively in
industries, thanks to advantages such as readily available pressured air as supply energy
in manufacturing plants, low cost, and safety in areas with explosive atmospheres. The
rationale for choosing this experimental setup for demonstrating the developed modeling
approach is that the open-loop output of this system shows significant variability when the
same input signal is applied to the system under similar initial conditions. The variability is
particularly predominant at low frequencies, whereas at very high frequencies, the effect was
hardly seen. These uncertainties may be attributed to complex stochastic frictional effects
[96, 133].

With respect to classical modeling, Bernd et al. [9, 10] developed LS-optimal T1 fuzzy
model and Multi-layer Perceptron (MLP) Artificial Neural Network (ANN) from crisp or
deterministic input-output data sets to model the servo-pneumatic longitudinal drive. The

modeling methods described in this dissertation in the subsequent chapters extend this
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2. General Description of the Case Studies

classical modeling case using crisp data to the novel interval modeling case using interval

data in order to handle uncertainties due to the variability in the output.

2.3.2 Description of the Test Stand

The chosen test stand of the piston rod-less servo-pneumatic longitudinal drive of the com-
pany Festo Didactic (Festo-didactic-PneuPos 1/192490) is shown in Fig.2.6. In order to

Figure 2.6: Test stand with piston rod-less linear servo-pneumatic drive

simplify the system, only the Single-Input-Single-Output (SISO) case of the system is con-
sidered. The input signal of the drive is taken as the voltage signal applied to the servo

valves, whereas the output signal is taken as the longitudinal position of the piston rod. The

Controller
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Figure 2.7: The experimental setup of the piston rod-less servo-pneumatic longitudinal drive

complete experimental setup of the test stand is shown in Fig. 2.7. As mentioned before,
the drive does not have any pistons. Moreover, for forward and backward strokes, the drive
consists of double acting cylinders. On account of the fact that the drive is piston-less and
both the cylinder chambers are equal in size, the rod of the drive stands still, when equal

force is exerted on the chambers, as a result of equal chamber pressure.
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2.3. Servo-Pneumatic Longitudinal Drive

2.3.3 Design of Experiment

By using the same guidelines as in case of the electro-mechanical throttle valve, the sampling
time for the servo-pneumatic longitudinal drive is chosen as Ts = 100 ms (using 7 = 10 ms
does not provide for any noticeable improvement of the model). As in case of the electro-
mechanical throttle, a phase optimized band-limited multisine signal with the maximum
frequency of fmax =1 Hz is chosen as the input signal. The first half of the data is used for
identification and the later half for validation. The total duration of the signal is chosen to
be T =100 s, which leads to N = T/Ts = 100/0.1 = 1000 samples. The designed multisine

input signal and the corresponding output signal is shown in Fig. 2.8.

10
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Figure 2.8: Multisine input signal and the corresponding output signal
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2. General Description of the Case Studies

2.4 Summary and Discussion

In this chapter, a brief description of the academic benchmark problem and the two exper-
imental test stands, along with the motivation and the details of the design of experiment,

have been given and the corresponding references have been provided.
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Uncertainty Analysis of Nonlinear

Discrete Dynamic Systems

In this chapter, some techniques to analyse uncertainties are presented. Specifically, stochas-
tic uncertainties are modelled in the realm of statistics and probability theory. The tech-
niques of normalized histogram and Kernel Density Estimation (KDE) are used for the non-
parametric estimation, and Gaussian Mixture Models (GMMs) [69] for the semi-parametric
description of uncertainty. These methods are briefly described in this chapter. Since many
modelling methods make the normality assumption regarding the uncertainty, some nor-
mality tests will be presented. These tests describe how well the underlying distribution
resembles the normal or Gaussian distribution. As discussed in Chapter 1, the developed
modelling methods assume either crisp or interval data. By using the statistical and prob-
ability techniques presented in this chapter, the output time series is converted to interval
form. This interval response is described by envelopes in which the actual response is ex-
pected to lie with a certain confidence level. Some techniques of developing those envelopes
are discussed next. These techniques include the worst case (or max-min) envelopes, per-
centile based envelopes, and confidence interval based envelopes. Finally, these techniques
are applied in the experimental and simulation case studies. The chapter ends with a brief

discussion.
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3. Uncertainty Analysis of Nonlinear Discrete Dynamic Systems
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Figure 3.1: Tllustration of a normalized histogram as an estimate of the normal distribution

3.1 Probability Density Estimation

Probability density function (PDF) estimation deals with constructing an estimate of an
unobservable underlying PDF based on observed data, where the data is considered to
be a random sample originating from that Probability Density Function (PDF). The non-
parametric (normalized histogram, kernel density estimation) and semi-parametric (GMMs)

used in this research are described in the sequel.

3.1.1 Normalized Histogram

This technique is considered as the oldest and most widely used technique for estimating a
PDF. Consider a continuous random variable r defined on some probability space (Q, By, ),
where ), is the sample space, B, is the Borel sigma-algebra, and P, is the probability measure
of r. Let r denote the scalar value of the random variable r. Denoting p,(r) as the PDF
of the random variable r, the probability P, that r lies between a and b, where a,b € R and

a < b, is given by:
b
Pla<r<b)= f pe(r)dr. (3.1)

Assuming r¢ and h; denote the origin and bin width of a histogram, respectively, the bins
of the histogram are defined as intervals of the form [ro + nrhy,ro + (ny + 1)hy], where

ny belongs to the set of integers N. Let (r1,...,7n,) be an independent and identically
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3.1. Probability Density Estimation

distributed (i.i.d.) sample of the random variable r drawn from p,(r), where N, is the total
number of observations. The normalized histogram p;"(r) which can be seen as a rough

and discrete approximate of p,(r) is defined by

1R
hy-No 5 I[T0+mhb7ro+(m+l)hb](r =7i), (3.2)

p(r) =
where I(-) is the indicator function defined as follows:

1 if r; € [ro+nrhy,ro+ (ny +1)hy]
Ity snghyro+(np+1)hy] (r=m)= ' (3.3)
0 otherwise

When hy - 0 & N, - oo, p;(r) - pe(r). For a PDF, the total area under the curve
integrates to 1. Note that, by simply dividing the frequency histogram by the total number
of observations (N,), one gets a relative frequency histogram. The bin heights add up to
unity but the area under all bins will not match unity (unless hy = 1). To get a rough
discrete estimate of the PDF, the relative frequency histogram must further be divided by
the value of bin width hy.

Example 3.1.1. Fig. 3.1 shows an example of a normalized histogram. As it is apparent
from the figure, the normalized histogram reasonably approximates the Gaussian PDF with

zero mean and unit variance, provided that the bin width is chosen appropriately.

3.1.2 Kernel Density Estimation

The PDF estimation using a normalized histogram has the problem that py

"(r) is not
a smooth function of . The problem can be avoided by using another well-known non-
parametric technique known as Kernel Density Estimation (KDE). The kernel density esti-

mator with kernel Ker is defined by:

1 Ne r—1r;
K 4
hw-NO; er( Fry ) (3.4)

2

AE(r) =

where h,, is the window width (also known as smoothing parameter or bandwidth), and Ker
is usually a symmetric function, such as the Gaussian function, which satisfies the following

condition:

[oo Ker(r)dr=1. (3.5)
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3. Uncertainty Analysis of Nonlinear Discrete Dynamic Systems

Kernel Ker(w)

Uniform $I(Jw| < 1)

Triangular (1= |w)I(jw] < 1)

Epanechnikov %(1 —w)I(Jw| < 1)

Quartic B-w?)I(jw|<1)

Triweight BA-w)I(jw|<1)

Gaussian —L exp(-Lw?
5= exp(—5w*)

Cosine Feos(Gw)I(|w| < 1)

Table 3.1.: Various kernels for KDE

Intuitively, the kernel density estimator can be considered as a sum of ’bumps’ placed at
the observations, where the shape of the bumps is determined by Ker, while h,, determines
their width [104]. The value of h,, is selected based on the compromise between under
smoothing and over smoothing On one hand, the value of h,, that is too small causes too
many spurious artificats, while on the other hand the value of h,, that is too big obscures
much of the underlying information. A comprehensive review of fully automatic selectors of

bandwidth h,, for KDE is given in [31]. Even though Gaussian kernels are most often used,
r—r;
hw

there are various kernels as shown in Tab. 3.1. Here w = , and I(Jw| < 1) represent an

indicator function, which is mathematically defined as follows:

1 iffw<1
I(lw|<1) = (3.6)
0 otherwise

Histograms and estimates based on KDE are closely related, but the latter is equipped
with some nice properties such as smoothness or continuity on account of using a suitable
kernel.

Example 3.1.2. To compare the relation between a histogram and a kernel density estimate,
we consider an example of PDF estimation using N, = 6 data points: r1 = =3, ro = —1,
r3 = —0.5, r4 = 1.8, 5 =5, and r¢ = 7. For this purpose, we select the bin width hy = 2
and origin ro = =4, for the given data set. Thus, we get a total of 6 bins (ny =0,1,...,5),
each having the width of 2 as shown in Tab. 3.2. We normalize the frequency histogram by
dividing it with the factor hy-N, = 2-6 = 12 in accordance with (3.2). For the KDE, we choose

a Gaussian kernel Kere,(w) = \/%? exp(—%wQ), where w = T};:i, with hy, is the kernel width
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3.1. Probability Density Estimation

Integer: ny | Interval: [ro +nrhy, 70 + (ny+1)hy] | No. of r; in the interval
0 [-4,-2] 1
1 [-2,0] 2
2 [0,2] 1
3 [2,4] 0
4 [4,6] 1
5 (6,8] 1

Table 3.2.: Intervals (bins) for the normalized histogram and the corresponding frequencies

0.18 |- .,

0.16 |- .,
0.14 - |
0.12 |- |
0.1

Density

0.08
0.06
0.04
0.02

Random Variable (r)

--- Individual Kernels —— Kernel Density Estimate
3 Normalized Histogram wmsm Data Points

Figure 3.2: Normalized histogram and kernel density estimate

o, whose value is chosen as hy = o = 1.5 and r; is the i-th data point, i =1,...,N,. The

individual kernels and their sum are illustrated in Fig. 3.2.

In this work, the considered kernel is Gaussian, which uses a window parameter (or width)

that is a function of the number of points in r. Moreover, the PDF is evaluated at 100
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3. Uncertainty Analysis of Nonlinear Discrete Dynamic Systems

equally spaced points that cover the entire range of the data. This approach works best
with continuously distributed samples. Considering the case of approximating univariate
data with Gaussian kernels and assuming that the underlying PDF being approximated is
Gaussian, the optimal choice for hy, (i.e. the bandwidth that minimizes the mean integrated

squared error) [104] is given by

1
40°\5 J—
hw = (3]\70) ~1.066N, ° (3.7
where & denotes the standard deviation of the sample. This approximation is known as the

normal distribution/Gaussian approximation or Silverman’s [104] rule of thumb.

3.1.3 Gaussian Mixture Models

Gaussian Mixture Models (GMMs) are among the most statistically matured methods that
have been widely used for semi-parametric PDF estimation and clustering. In many practical
situations, the observed PDF often cannot be described to a fair extent by a single Gaussian

distribution. In such cases, it is advantageous to describe it in terms of a GMM.

A GMM is basically a weighted combination of two or more Gaussian components (also
called mixtures). Mostly, these models are estimated by the well known Expectation Max-
imization (EM) algorithm in the framework of Maximum Likelihood Estimation (MLE).
Theoretically, any continuous PDF can be described completely by a GMM of infinite mix-
tures. However for practical purposes, only finite mixtures of GMMs are considered that

reasonably approximate the underlying PDF.

Consider a vector r € R? originated from a super population Q, which is a mixture of a

finite number of Gaussian sub-populations @1, ..., Q, in some mixing proportions ..., ,,

respectively, where

u

,=land 0<m <1.

e

I
—

The PDF of r is given by

q
p(r; GGI\II\I) = ZWZ ~p(1“l; ¢G1\H\Il)
=1

. . . o (3.8)
=) m———7—exp|-=(r- ) (r- ,
DL P p(-50- ) (7w )
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3.1. Probability Density Estimation

where 7, is the mixing coefficient, p(r;qﬁmm,l) is the PDF corresponding to Q; and @¢yn
represents the vector of all unknown parameters for these ¢ component densities. For the
case of Gaussian functions as component densities, ¢, contains the mean vectors y;, and
covariance matrices ¥; for [ = 1,...,q. The vector B¢y lumping all unknown parameters

belongs to some parameter space Oy and is estimated using the EM algorithm [22, 121].

3.1.3.1 Expectation Maximization Algorithm

The Expectation Maximization (EM) algorithm [22] is one of the most widely used algo-
rithms for unsupervised learning. It is used to iteratively find the Maximum Likelihood
(ML) or Maximum A Posterior (MAP) estimates of parameters of a probabilistic or statis-
tical model, wherein the model has some unobserved latent or missing variables. As the
name suggests, the EM algorithm iterates between two steps, namely Expectation (E) and
Maximization (M) steps. In the E step, an expectation function of the log-likelihood is
created based on the current estimates of the parameters. By maximizing this expectation
function, a new estimate of parameters is calculated in the M step. The process repeats

until a local maximum is reached.

Let R = (r1,72,...,7N,) be a set of i.i.d. observed data, S = (s1,s2,...,5n,) be a set of
corresponding unobserved latent or missing data, and @ be a vector of unknown parameters.
Further, assume that the likelihood function is represented as £(0; R, S) = p(R, S|@), the
MLE of 0, i.e. 0y, is given by the marginal likelihood of R

L(Ovir; R) = p(R|Ovir) = ZP(R7 S|0yx) (3.9)
S
The EM algorithm aims to find the MLE of the marginal likelihood given in (3.9) by itera-

tively applying the E and M steps as follows:

1. E (Expectation) step: In this step, given the observed data R and the current esti-
mate B,EIIC,L, the expected value of the log likelihood, with respect to the conditional

distribution of S given R and 01(\1]?13, is calculated as follows:

QOel6) = E s gy [108 L(Buisi R, 5)] (3.10)
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3. Uncertainty Analysis of Nonlinear Discrete Dynamic Systems

2. M (Maximization) step: Assuming the missing data S is known, the likelihood function
is maximized in this step. The updated parameter vector Bgﬁl) that maximizes this

likelihood function is given by

eiﬁ:}) =arg gnax Q(BBILE‘OE{T?FJ) (3-11)
MLE

In the special case of GMM, a mixture model consisting of two mixtures or components
(g = 2) is considered to illustrate the application of EM in finding the parameters of a GMM.
The observed data r;, i = 1,..., N, can originate from either of the two Gaussian components
N(pq,%1) and M (py,32). The corresponding value of s; determines the component from

which r; originates.
ril(si=1) ~N(py,21) and  7i|(si =2) ~ N(pg, D2) (3.12)

The probability that s; takes the value 1 or 2 is determined by the mixing coefficients ,,
ie.

P(sij=1)=m and P(s;=2)=m,=1-m (3.13)

The task is to estimate Ocyy = (7,7, f1, Ho, 21, 2) using the EM algorithm, and thus in

this case Oy = Oye. For that purpose, the likelihood function is calculated:
N, 2
L(Ocyi; R, S) = p(R, S|0) = H Z I(s; = l)ﬁzp("'i% Ky, ) (3'14)
i=11=1

where I(+) is an indicator function and p(-) is the PDF of a multivariate Gaussian distribu-

tion. Next, an error function is defined as the negative log likelihood as follows:
E=-logL (3.15)

Accordingly, minimizing F is equivalent to maximizing £. By setting the derivatives of the
change in error function (E**D) — E(F)) to zero (see [92] for details), the following update

equations are obtained for the parameters of the GMM:
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PDF (p)
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= Component 2 [N(0.5,0.2%)]
— GMM [0.5 x N(—0.5,0.22) + 0.5 x A'(0.5,0.22)]

Figure 3.3: PDF estimation by a GMM and the corresponding mixtures

No
> o (Ufri)r;
) = 7% (3.16)
> pO(Urs)
i=1
No
>, p O (lrs) [Ti - ﬂl(t)] ["'i - Hl(t)]T
s(t+1) _ il (3.17)
1 A .
3> pM(lri)
i=1
1)~ L2 0(g1
= 5 2ol (3.18)
0 izl
@ ()17 ®
where, p® (lr;) = % (3.19)
p (Tz)

Example 3.1.3. Fig. 3.3 illustrates a simple example of a PDF estimation by GMM using
two miztures. Both the mixing components are set to 0.5, so half of the contribution comes

from each mizture. This is an example of a bimodal distribution, since it requires two
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3. Uncertainty Analysis of Nonlinear Discrete Dynamic Systems

miztures to estimate the underlying PDF. The parameters of the Gaussian miztures as well
as the GMM are shown in Fig. 3.3.

3.1.3.2 Model Selection Methods

In order to determine the number of Gaussian components or mixtures required to ade-
quately represent the true PDF of the underlying data, various model selection methods
can be used. Not only do these model selection techniques have the capability of provid-
ing a mechanism to minimize the log-likelihood function of the incomplete data, but they
also avoid the undesirable effect of overfitting. Among various techniques existing in the
literature, including the exhaustive n-fold cross-validation [6] technique, two well-known
techniques namely the Akaike Information Criterion (AIC) and the Bayes Information Cri-

terion (BIC) will be given next.

The AIC technique [4] tends to simultaneously minimize the negative log-likelihood function
of the incomplete data and the total number of parameters used in the model. It specifically
favours parsimonious models having both low number of parameters and a reasonably low

value of negative log-likelihood function for a given model class. It is defined as:
AIC(0) =-2-logp(R|0) +2- N, (3.20)

where 6 denotes the parameter vector of the model, R is the input data, and N, is the
total number of parameters in the model. The model having the lowest value of AIC is
considered as the best one. However, in cases where the number of input vectors, N,, is
small relative to N,,, AIC has the tendency to provide a negatively-biased estimate of the
difference between the true distribution and the model. To take that into consideration, a

corrected AIC (AICc) has been proposed in [33], which is given by

N,
AICC(O) :—QIng(R|0)+2NP(W) (321)
o~ 4iVp ™

As previously, the model that minimizes the AIC, will be selected. AIC. is particular
useful when the number of observations N, is limited and it tends to outperform AIC in

such cases.
Finally, the BIC is defined mathematically as:

BIC(8) = -2 log(R|0) + N, - log(N,) (3.22)
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Again the model that minimizes the BIC will be chosen.

3.2 Testing Data for Normality

Most statistical procedures use assumptions about the normality of data. For instance, the
distribution of the residuals in linear regression analysis is usually assumed to be normal.
When the underlying assumption of the normality of data is not met, the interpretation
and inferences that are based on the normality assumption may not be reliable or valid.
Hence, it is important to check for this assumption before proceeding with any relevant
statistical procedure. Three methods are commonly used in literature for carrying out
normality tests. The most common and the easiest test consists of graphical methods
which include histogram, box-plot, normal quantile-quantile plot (Q-Q plot), stem-and-leaf
plot etc. Although graphical methods can be used as a useful tool to visually inspect
the data for normality, they are still not sufficient to provide conclusive evidence that the
normality assumption holds. Consequently, to support the graphical methods, more formal
methods which are numerical methods and normality tests should be performed before
making any conclusion about the normality of the data. The numerical methods include
the skewness and kurtosis coefficient whereas a normality test is a more formal procedure
which involves testing whether a particular data follows a normal distribution. There is a
significant amount of normality tests available in the literature. However, the most common
normality test procedures are the Shapiro-Wilk (SW) test [103], Kolmogorov-Smirnov (KS)
test [17], Anderson-Darling (AD) test [5] and Lillifors (LF) test [63].

In this work, two methods have been employed for checking normality of data which are the
normality probability plot and the SW test. The purpose of a normal probability plot is to
graphically assess whether the underlying data can be described by a normal distribution.
If the data are normal, the plot will be linear. Other distribution types will introduce
curvature in the plot. As normality test, the SW test has been used; since it has proven to
be the most powerful normality test for a given significance when compared with KS, LF,
and AD tests via Monte Carlo simulation of sample data originated from symmetric and

asymmetric distributions [91].

Given a sample 71, ..., 7y, of a random variable r of N, real-valued observations, the SW test

is a test of the composite hypothesis that the data are i.i.d. and normal, i.e. N'(u,c?), for
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some unknown real ;1 and some o > 0. Given an ordered random sample, r| <rp <...<7rn,,
the original SW test statistic is defined as [103]:

(e )

Lk (ri = 7)? 52

where r; is the ¢-th order sample, 7 is the sample mean, and af" is the i-th component of

the constant vector a® = [af", ..., a?\‘,i]T, which is given by:
- m’y!
D (3.24)

(mTZflEflm)%

where m = [mq,...,my,]", and my,...,my, are the expected values of the order statistics
of i.i.d r sampled from the standard normal distribution, and ¥ is the covariance matrix of

those order statistics.

Like every hypothesis test, the application of SW test consists of a test statistic W and a p-
value. If the p-value is less than, say, the conventional level of 0.05, one rejects the normality
hypothesis, otherwise one does not reject it. The value of W always satisfies 0 < W < 1. For
values of W close enough to unity (depending on N,), the normality hypothesis will not be
rejected. For smaller W, it will be rejected.

Example 3.2.1. ! To illustrate the normality tests using normality probability plots (Statis-
tics and Machine Learning Matlab Toolbox: normplot) and Shapiro Wilk test, 1000 random
numbers have been generated from four different distributions, namely a standard normal
distribution (u=0, 0 =1), a fat-tailed distribution (Student’s t distribution with five degrees
of freedom), a right-skewed distribution (Pearson random numbers with =0, o = 1, skew-
ness=0.5, kurtosis=3), and a left-skewed distribution (Pearson random numbers with =0,
o =1, skewness=-0.5, kurtosis=3). Fig. 3.4 shows the histograms of these distributions
along with the results of SW tests.

For the SW test, H =0 (or H = 1) implies that the null hypothesis is not rejected (or rejected)
at the significance level o (o = 0.05 is chosen in this example). Higher (or lower) values of
p signify how much the given data is likely (or unlikely) with a true null hypothesis. The

normal probability plots in Fig. 3.5 visually demonstrate how likely the given distributions

1

The example has been taken and modified from the Matlab documentation page (http://de.mathworks.
com/help/stats/normplot.html) and for the SW test the code has been taken from MathWorks
file Exchange (File ID#13964, https://www.mathworks.com/matlabcentral/fileexchange/
13964-shapiro-wilk-and-shapiro-francia-normality-tests).
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Figure 3.4: Histograms of the chosen distributions and the result of SW test

are to be normal. The figure clearly shows that only in the first case, the given data points

are lying on the straight line, and thus the normal distribution is correctly identified.
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Figure 3.5: Normal probability plots for the given distributions

3.3 Stochastic Treatment of Stochastic Dynamic Systems

To keep things and notations simple, we consider a discrete time Single-Input Single-Output
(SISO) dynamic system. The theory can easily be extended to the case of Multiple-Input
Single-Output (MISO). Furthermore, a Multiple-Input-Multiple-Output (MIMO) system
can be considered as a combination of several MISO systems. As discussed before, this
research is concerned with the case of deterministic inputs on account of the fact that the
input signal is exactly reproducible in each identification experiment. The underlying system

can be mathematically defined as follows [131]:
yk:]:(xk)+§k, k‘il,...,N (325)

where,
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N and k denote the length of experiment (total number of observations) and the

discrete time index, respectively.
— Yk is a scalar-valued stochastic output signal

— xi, is a vector-valued stochastic regressor quantity, which consists of tapped delay lines
of output (stochastic) and input (deterministic) signals, i.e.,
Xk = [Yh-1s- -+ Yhony Wk=7—1, - - - Uk—r—n, ], Where 7, n, and n, denote the dead time,
the number of lagged input samples, and the number of lagged output samples, re-

spectively.
— F(-) is a stochastic process governing the underlying stochastic dynamics

— (), is an additive noise term with zero mean (u

.. =0) and finite variance (g, < o)
k k

¢
In practice, F(xx) and ¢ come from two independent processes; thus, they are independent
of each other. Given a probability space (€, , By, ,Pry, ); where €y is the sample space, By,
is the Borel sigma-algebra, and Pry isa probability measure; the underlying system can be

seen as a discrete stochastic process of the form

{yk|yk717 .. 7Yk7ny,uk7771, oy Uk—7-ny, ¢ ke K}> (326)

where yi is a sequence of random variables, i.e. yi = {y1,y2,...,yn}, conditioned on the
tapped delay lines of inputs and outputs, and K = {1,..., N} is called the index set of yj.
We give a formal definition of a dynamic stochastic process next.

Definition 3.3.1. (Discrete dynamic stochastic process): A discrete dynamic stochastic
process is a sequence of discrete random variables y(k)’s conditioned on the tapped delay
lines of inputs and outputs defined on some probability space (ka’BYk’PrYk) and ordered

with respect to a time index k, where k takes values in an index set K.

Thanks to the time-homogeneity [90] assumption of the underlying stochastic process, every
observation y(k) in the time series is drawn from the same random variable y(k). This
assumption is reasonable for time invariant systems where the data generating mechanism
has a constant PDF of y(k) over time. This property is called strict stationarity of the
stochastic process.

Definition 3.3.2. (Strict stationarity): The dynamic stochastic process

{Yk‘}’k—h cee :Yk—ny7 Uk—7=15 -+ Uk—7—n4, }keK
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3. Uncertainty Analysis of Nonlinear Discrete Dynamic Systems

is strictly stationary if for all N € N and h € Z

d
{yk|yk—17 sy Yheny s Uk—7=15 -+« s Uk—7-ny ke K} =

{YkihlYreh—1s -+ ) Yithong Uk—rih1s - > Uk—rihn,, K € K} (3.27)
where £ denotes equality in distribution.

The time invariance of only the first two moments (i.e. mean and variance) is called weak
stationarity.

Definition 3.3.3. (Weak stationarity): The dynamic stochastic process

{YRIYE-15 -+ o) YRy Ukor 15 5 Upg oy, B € K}

is weakly stationary if for all heZ and k € K,

E(yk) = 1k (3.28)
Cov(yk, yr-n) = r(h) (3.29)

with v(0) < oo, where v (h) is the autocovariance function vi(h) = E[(yr — ) (Ye-h — th-n) -

Indeed, the strict stationarity automatically implies the weak stationarity provided that the
variance is finite as described in the following theorem:

Theorem 3.3.1. Let {yplyr-1,.--,Yaon, u(k=7-1),...,u(k—7-ny),k € K} be a dynamic
stochastic process. If this process is strictly stationary, then it is also weakly stationary if

and only if 02 < o0.

Hence for the underlying stochastic dynamic system, the mean and variance of all elements
are time invariant. (3.26) can be written in the form of N-tuple, i.e. y = (y1,...,yn), which
is a random variable taking values in RY. The distribution of y, is a probability measure on
RY. Since the experiment is repeated M times, the given stochastic process can be viewed
as M realizations of y,. Moreover, each y; is assumed to be i.i.d., considering the fact that
each experiment can be performed independently of each other. However, the components
of the random vector y dependent upon each other through the tapped delay lines of inputs

and outputs defined by the system dynamics as given by the conditional densities:

p(Yk‘Yk—la ceey Yh-ny Uk—7-15 - - - 7uk—7'—n“) (330)

For accurate treatment of uncertainty, these densities can be estimated for each instant k as
described in detail in Sec. 3.1. To check the nature of the distribution followed by yg, the
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Figure 3.6: Normalized histogram of the noise signal for the electro-mechanical throttle case study

histogram of output values at each time instant can be plotted for visual inspection. As a
particular case of normality, the distribution can be tested by normality tests described in
Sec. 3.2. Having had the knowledge about the underlying distribution, a realistic coverage
can be used for determining confidence interval based envelopes of the response, as it will

be shown it in the next section.

The expected value (E(+)) of y; in (3.25) is given by
Yy (k) = E(yr) = E(F (%) + Cr) = bk (3.31)
Using the variance sum law, the variance (o(.y) of y in (3.25) can be calculated as:

2 2 2
Oy, = OF(x) T O, (3.32)
where U?k, being the variance of noise, can be experimentally estimated by taking repeated
measurements of the output signal while keeping the input signal constant. From the selected
case studies it is evident that these systems have considerably lower measurement noise
as compared to their inherent stochasticity. It is illustrated for the case of the electro-

mechanical throttle in Fig. 3.6.

In such cases, the variance due to stochasticity is significantly larger than the variance of

noise, i.e. ¢, < 0x(x,), Which leads to oy, ® ox(y,)-
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3.4 Determination of Envelopes of Response

As described in the previous chapter, one of the presented Type-1 (T1) and Interval Type-2
(IT2) models in this dissertation require interval data. In the proposed approach, the ob-
served input signal is assumed to be deterministic because the input generation mechanism
produces the same input signal each time in multiple experiments. Owing to stochastic
factors such as friction, uncertainty in the output signal is observed. This uncertainty is
primarily governed by the variability in the system output. By applying the techniques of
statistics and the probability theory, the lower and upper bounds of response are obtained;
we refer to them as envelopes of the response. These envelopes, together with the deter-
ministic input, constitute interval data for identification. The methods to construct these

envelopes are given in the sequel.

For a formal mathematical treatment, we consider an input-output data matrix Z = [u, Y] €
RVN*(M+1) g5 model identification and validation, where u € RY and Y € RV*M denote the
input vector and the output matrix, respectively; N is the length of one experiment (i.e.
the total number of data points in one experiment) and M is the total number of repeated
experiments under the same initial condition and input. The input vector and the output

matrix are given by (3.34) and (3.35), respectively.

yi iy oyt M uy
T 1 2 M-1 M

y=| e o 333)  w=| | (339
YN yn v N uy

Since the input signal is considered exactly reproducible in each experiment (i.e. completely
deterministic in nature), it is presented by a vector of length N. On account of variability in
the system output, a different output time series is produced as a result of each application
of the input signal. Each column in this output matrix Y represents the response from each
individual experiment. On the other hand, each row represents a value of the response for
each experiment at a given instant of time. The output matrix Y can be described with
the help of the stochastic theory. Considering any time instant k, the row corresponding to
k can be regarded as M realizations of a stochastic process. As this stochastic output yy
is originated from a dynamic stochastic system, the PDF governed by the random output
signal yi is conditioned on the tapped delay lines of the output and input. For the sake of
computational tractability, we consider only the envelopes of the response and use them in

the proposed modelling. Using the envelopes, the output matrix is reduced to two columns
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only, containing the upper and lower bound of the response, respectively. The interval

output matrix Y e RN*2 jg given as:

1 Yy, 0
o i

vl %2 o] 2 2 (3.35)
Uy Yy UN

where g = [gk, Url, k=1,..., N is the interval output at the k-th instant and y,, and g, are
its lower and upper bounds, respectively. The description of these envelops are given in the

sequel.

3.4.1 The Worst Case Envelopes (Min-Max)

For the worst case envelopes, also referred to as min-max envelopes, the lower and
upper bounds of response are taken as the minimum and maximum values of yj, which

are approximated based on the observed minimum y;*** and maximum y;** values as follows:

=y = min (47 3.36a Uk = Y™ = max (7). 3.36b
g = o™ =min (s7) (3:36a) i =y = max (47 (3.36D)

Although, the min-max approach is the simplest of its kind to determine the envelopes of

the response, it has some serious drawbacks:

e If a model is trained based on the min-max envelopes, it cannot provide the mean
or expected response. By calculating the average of the lower and upper bounds of
envelopes, we get the mid or centre value of max-min which is not necessarily the

expected value of the response.

e The min-max envelopes assume there are no outliers in the data. This makes them
least robust statistics in the presence of outliers in data because of their extreme

sensitiveness to outliers.
¢ Using min-max envelopes, the minimum and maximum values of the response are cap-
tured for the obtained sample only. Thus, these min-max values are heavily dependent

on the given sample especially when the sample size is small.

e The min-max envelopes are conservative.
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3.4.2 Percentiles based Envelopes

Percentile based envelopes can be used to overcome some of the drawbacks of the min-max
envelopes. In statistics, a percentile is a statistical measure used to indicate a certain level
(or score) below which a given percentage of observations falls in a group. For instance, the
5-th percentile is the score below which 5 % of the total observations falls within the sorted
list of observations. In this way, those observations which are located at extremities can
be avoided, and thus the outliers in data can be handled appropriately. Theoretically, a
percentile can be evaluated for any value; however the 25-th percentile (the first quartile),
the 50-th percentile (the median), and the 75-th percentile (the third quartile) are widely
used. In the literature, there is no standard definition of the percentile. Nevertheless, all
those definitions produce similar results as the sample size approaches infinity. In general,

the percentile 100 - prc of a random variable r is a quantity r, that satisfies
P(r<rp) =F(rp) =prc, Ny — oo, (3.37)

where 0 < pre < 1. Fy(rp) represents the cumulative distribution function (CDF) of the
random variable r evaluated at r,. The definition is valid in the limit sense, i.e. when
the number of observations N, tends to infinity. The calculation of percentile of data is
straightforward. It consists of sorting the data in the ascending order (from smallest to
largest) and then assigning the value closest to the percentile of interest. For instance, if we
have 1000 data points, the 25th percentile will be the value between 250-th and 251-th sample
in the sorted list. Depending upon the definition, the values that fall in between samples
should be handled appropriately. For that purpose, approaches like taking the nearest value,
calculating the average between two samples, and using linear interpolation are commonly
used. In this work, we have used the Matlab function prctile 2. In this method, after
sorting the data elements in a data vector, say x, in ascending order, the 100(0.5/N,)-th,
100(1.5/N,)-th, ..., 100([N,—0.5]/N,)-th percentiles are directly computed, where N, is the
number of elements in x. Given the data points (z1,y1) and (z2,y2), where y; = f(21) and

y2 = f(22), linear interpolation finds y = f(«) for a given x between 1 and x4 as follows:

Z1

Y= @)=+ — (g 1), (3.38)

Tro — X1
where (z1,y1) and (x2,y2) are the two given data points.

Example 3.4.1. Consider a data set x consisting of N, = 5 elements such as x =
{-2,2,-1,0,1}, the sorted elements {-2,-1,0,1,2} correspond to the 10-th (= 100[0.5/5]-th),

https://de.mathworks.com/help/stats/prctile.html
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30-th (= 100[1.5/5]-th), 50-th (= 100[2.5/5]-th), 70-th (= 100[3.5/5]-th), and 90-th (=
100[4.5/5]-th) percentiles, respectively. See MATLAB help for ® for more detail.

The approach of determining envelopes using percentiles has the advantage over the min-max
approach discussed previously that it excludes outliers in data by considering only a subset
of the data vector which lies between two percentiles, say 2.5-th and 97.5-th percentile, and
thus avoiding outliers located at extreme values. This approach, however, also has some
drawbacks: (1) For large data vectors, sorting elements is computationally expensive, and
(2) the best point estimator cannot be determined just using percentiles based envelopes;
again the midpoint of the envelopes does not have any significance, it is not equal to the
median (50-th percentile) (the same is true for the max-min envelopes).

Example 3.4.2. This example shown in Fig. 3.7 illustrates the use of min-max and per-
centile based approaches for estimating the lower and upper bounds or envelopes of 5000

realizations of a random variable y. The PDF thaty follows is given as follows:

N(-10,1)  with probability = 0.01
y ~{1N(0,1) with probability = 0.98 (3.39)
N(10,1)  with probability = 0.01

where N'(0,1) is the true or desired normal distribution with zero mean and unity standard
deviation. The other two normal distributions, i.e. N(-10,1) and N(10,1) are used to
artificially create outliers in'y. The data is created in such a way that there are 4900 data
points from the central lobe of normal distribution, while 100 data points each from the side
lobes. Fig. 8.7 clearly indicates that the outliers are very far from the main data coming from
the main lobe and thus should not be included for further analysis and processing. Taking
the minimum and maximum values of the sample into account includes outliers and provides
for unrealistically large bounds. On the other hand, taking the 2.5-th percentile as the lower
bound and the 97.5 % percentile as the upper bound of the sample effectively discards the

outliers in the data.

As percentiles approximate a CDF, the equations for output envelopes at each time instant
k can be given as:
Y, = Py, < pree) %) = Fy_kl (prco) %), (3.40a)

Ok = P~ (yi < pre™%) = Fy ! (pre %), (3.40D)

Spretile
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Figure 3.7: Histograms, min-max and percentile based envelopes

where prc©)% and pre(PP)% are, respectively, the lower and upper percentile values in
percentage, e.g. pre@)% =2.5% and prcPP)% = 97.5% in Example 3.4.2.

3.4.3 Confidence Interval based Envelopes

Definition 3.4.1. A confidence interval (CI) is a type of an interval estimate of a population

parameter given with a probability statement.

The confidence levels are used to describe the uncertainty associated with the confidence
interval estimate. For instance, an interval estimate can be described as “95 % CI”. The
envelopes which are based on the Cls have some advantages. First, once a coverage factor
of the underlying distribution is determined, the calculation of upper and lower bounds
becomes straight forward and computationally inexpensive, since it does not require sorting
the data as required by the previous approaches. Second, the mean value of the symmetric
Cls directly provide the mean or expected value of the random variable. Note that the
mean of asymmetric Cls is not equal to the mean or expected value of the random variable
distributed asymmetrically. Furthermore, the mean of a skewed distribution provides a

non-representative value when a typical or central value is desired. The CI based envelopes
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require the specification of the significance level « to calculate the (1 — a)100% confidence
level. At each time instant, the mean (expected value) and standard deviation (spread) are

determined and then the Cls are calculated based on the following formulas:
yk =My, — kcf *Syrs (3'413‘)

Yk = My, + ket Syps (3.41b)

where my, and s,, are the mean and standard deviation, respectively, and they are calculated

as follows: "
1 M.
My, = 37 ]2 Yis (3.42)
1 M .
Sy, = m;(yi - my, ). (3.43)

ks is the coverage factor. For a given distribution of known type, this coverage factor is
known for getting a desired level of confidence. This term is also known in the literature with
the name tolerance critical value and the corresponding confidence interval as the tolerance
interval.

Example 3.4.3. For a normal distribution given by the following PDF

2
20

1 ox _(r_ﬂr)2)
) = —— p( , (3.44)

95% of the population lie within the interval determined by the mean of the distribution fi
and the coverage factor kep=1.96:

[pr —1.96 - v, pur +1.96 - 0] . (3.45)

This is illustrated in Fig. 3.8 for a standard normal distribution with p, =0 and o, = 1.

3.4.3.1 Chebyshev’s Inequality

In the previous section, it is shown that in order to use the coverage factor, the underlying
distribution of data must be known. Knowing the coverage factor, the CI based envelopes
can be determined. However, the distribution of data generated from a real world system
can be of any arbitrarily shape in the general case. In case of a stochastic dynamic system,

such as a system having stochasticity due to friction, the data distribution is quite often
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Figure 3.8: Illustration of 95% CI of a standard normal distribution with g, =0 and o, = 1

complex. Up to tetra-modal distributions have been observed in the chosen case study of
the electro-mechanical throttle as shown in Tab. 3.4. Many existing methods for modelling
depend heavily on the unrealistic assumption that the data is normally distributed. Using
wrong assumptions for data leads to erroneous and unreliable results. Therefore, we are
interested in calculating the coverage factor of any general distribution. The famous Cheby-
shev’s inequality [18] in probability theory provides for the coverage factor for an arbitrary
distribution, which is a conservative assessment though.

Definition 3.4.2. In probability theory, Chebyshev’s inequality (also spelled Tchebysheff’s
inequality) guarantees that in any data sample or probability distribution, 'nearly all" values
are close to the mean - the precise statement being that no more than 1/1{:2 of the distribution’s

values can be more than k. standard deviations away from the mean [99].

Mathematically, this inequality guarantees that no more than 1/k2f of the values of the
stochastic output, represented as a random variable yi, k = 1,..., N, of any arbitrary dis-
tribution can be farther than ke > 1 standard deviations (oy, ) apart from the mean (puy, ),
ie.

P(lyk = by | 2 ket oy, ) (3.46)

< —
=72

kcf
The proof of this inequality is given in Appendix A.1. From this inequality, the coverage

factor ket can be derived easily by equating 1/ sz with significance level a:

oot = (3.47)

1
NG
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Significance level (a) | (1-a)100% CT | ket = %
0.01 99 % 10.0000
0.05 95 % 4.4721
0.1 90 % 3.1623
0.25 75 % 2.0000
0.5 50 % 1.4142
0.75 25 % 1.1547
0.1 10 % 1.0541

Table 3.3.: The values of the coverage factor (kcf) for the given significance level (a) and the (1 - «)100%
confidence interval obtained using Chebyshev’s inequality

Example 3.4.4. In order to determine 75% confidence interval (o = 0.25) of r such that
the probability that values lies outside the interval [px — k759 - O, fir + k759 - 0] must not go
beyond 3/4. The desired coverage factor is calculated using (3.47) as k5o = 1/3/0.25 =2

Tab. 3.3 provides the values of k. derived from Chebyshev’s inequality for some common
values of ClIs. Theoretically, this inequality can be applied to completely arbitrary distribu-
tions; however, for that to be valid, the true value of mean and standard of the distribution
are assumed to be known, which contradicts the practical situation, where the distribution

and all its parameters are completely unknown in general.

Nevertheless, these true values of the parameters, so-called population parameters in statis-
tics, can be estimated from the unbiased estimates of the sample mean and standard devi-
ation, which are denoted by m,, and s,, for the random variable y,, respectively, provided
that the sample size is large enough. Saw et al. [100] first extended Chebyshev’s inequality
for the case where the population mean and standard deviation are not known, but they
are approximated by the sample mean and standard deviation from a finite sample drawn

from the same distribution. The resulting extended Chebyshev’s inequality is given as:

M-k%
cl__ 1
Grrar \ M1k, ( M )E

(3.48)
M+1 M+1

P(‘Yk_mykl 2 kcf'syk) <
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where M is the sample size, m,, and s,, are the sample mean and standard deviation, given
by (3.42) and (3.43), respectively. The definition of the function g(r) is given as follows:
Suppose r > 1 and Q = M + 1, and R be the greatest integer less than @Q/r. Denote a® as:

2 QQ-R)

a = TSRO-B) (3.49)

The function gg(r) is determined as:

R if R is even
gq(r) =1 R if R is odd and r < a? (3.50)
R-1 if Risodd and r > a?

The inequality (3.48) remains valid when (a) the population moments do not exist and
(b) the sample is exchangeably distributed [100]. Typical examples of the exchangeably
distributed samples include the cases of i.i.d. random variables and the randomized sampling
without replacement from a finite population.

Definition 3.4.3. An exchangeable sequence of random wvariables is a finite or infinite
sequence r1,ro, r3, ... of random variables such that for any finite permutation 7(-) of subsets
of indices 1,2,3,..., the resulting joint probability distribution of the permuted sequence
Fr(1)s Fr(2) 'n(3), - - - 15 the same as the point probability distribution of the original sequence

[20].

This inequality is known is Saw-Yang-Mo inequality for finite sample sizes. A table of values
for this inequality for sample sizes less than 100 (M < 100) has been provided in [50]. The
Saw-Yang-Mo inequality was later simplified by Kédban [41]. The resulting inequality has

the form ([41]):
! (M_l + 1) (3.51)

P(lyr —=my, | > ket s <
(| yk‘ C yk) ]W(]\/[-Fl) k)2

cf

The approximated lower and upper bounds of yy, i.e. 7 = [y,,x] based on (1-a)100% CI
using the simplified form of Chebyshev’s inequality in (3.51) can be calculated using (3.41),

where the coverage factor ke can be derived from (3.51) as follows:

M-1
k= | ——— (3.52)
o/ M(M+1)-1
The derivation of this coverage factor is given in Appendix A.2. As mentioned before, the

mean values of yj, are estimated using (3.42).
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Although Chebyshev’s inequality appears to be extremely effective as it is valid for distribu-
tions of any kind, it comes at a price. It generally provides poor or extremely conservative
bounds when compared with the cases when the actual distribution is taken into account

and its corresponding coverage factor is used.

3.5 Description of the Point Estimator

Mean, median and mode are generally considered as the best point estimates as the measure
of central tendency. Since, these concepts have been used in this research to obtain the
expected or most likely response from the stochastic dynamic system, they are described
briefly in the sequel. A discrete random variable r is characterized by a Probability Mass
Function (PMF) f,(r).

Definition 3.5.1. A probability mass function (PMF) is a function that gives the probability

that a discrete random variable is exactly equal to some value.

3.5.1 Mean

Definition 3.5.2. The mean (precisely arithmetic mean) or expected value Trean of a dis-
crete random variable r following a certain PMF f.(r) is the long-run arithmetic average of

the random variable r obtained from a finite sample of length M and is evaluated as follows

M 1 M
Tmean = Z rkfr(rk) = M Z Tk (353)
k=1 k=1

where fi(ry) is the value of the PMF at the value 7.

3.5.2 Median

Definition 3.5.3. The median (or the 2 quartile or 50-th percentile) Fmeq of a discrete
random variable r following a certain PMF f.(r) is the middle value in the sorted list of the
values of a random variable, such that it separates the lower half of the data and satisfies

the following inequalities

1 1
fr('r < Fmed) = 5 and fr(r 2 'Fmed) = 5 (354)
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3.5.3 Mode

Definition 3.5.4. The mode (or the most likely value) Troq of a discrete random variable
r following a certain PMF f.(r) is the value at which the PMF takes its highest value of the
discrete probability, i.e.

fe(r= Fmod)4 > e (M) e 2o (3.55)

The values of mean, median and mode are all equal for the case of symmetric distributions,
such as the normal distribution. However, for asymmetric distributions, these values do not
coincide as shown in the following examples.
Example 3.5.1. Consider a data set consisting of seven realizations, r = {1,1,4,5,7,9,15},
of the random variable r from a stochastic process. The mean, median and mode are given
aS Trea = (1+1+4+5+7+9+15)/7=06 (arithmetic average), Feq =5 (middle value of the
sorted list) and Troq =1 (most repetitive value), respectively.
Example 3.5.2. To illustrate mean, median and mode as the measure of the central ten-
dency of a distribution, we consider a case of an asymmetric bi-modal Gaussian distribution
as shown in Fig. 3.9. The random variable r is distributed according to the following distri-
bution

r~0.6-N(-0.2,0.1) + 0.4- N(0.2,0.1)

The individual Gaussian components along with the composite are shown in Fig. 3.9. 100
random values were drawn from the distribution and the resulting normalized histogram is
also illustrated in the figure. The mean, median and mode of this distribution do not coincide
on account of the fact that the distribution is asymmetric. In this example, mode < median

< mean.

Therefore, when the task is to capture a typical or central value of the underlying distribu-

tion, the appropriate choice among these three characteristic values should be made.

3.5.4 Data for the Point Prediction

Either of the mean, median or mode time series can be used for point prediction. These
statistics for measuring central tendency are calculated sample- or row-wise for each
value of the time instant k, k € {1,2,...,N}, in the output matrix shown in (3.33).
The input-output data pairs for the point prediction are then given as (u,ycen), where

u=(u(1l),u(2),...,u(N)) and yeen = (Yeen(1); Yeen(2), -+ -, Yeen (IV)).

The condition remains valid even if the maximum is not unique
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Figure 3.9: Mean, median and mode of an asymmetric bi-modal Gaussian distribution

Example 3.5.3. If the sample mean is selected as the point estimator, then Yeen(k) =
Yeap(k) is calculated as:

1 ¥,
ycen(k) ::yexp(k) = Zyi;a k = 1525"'7N (356)

M=

<
Il

3.6 Case Studies

The results of the discussed techniques of uncertainty modelling for the three case studies,
namely the simulation academic example, the electro-mechanical throttle, and the servo-

pneumatic longitudinal drive will be given next. The general description of these system
are given in Chapter 2.

3.6.1 Academic Example

The chosen system is a SISO nonlinear dynamic system with deterministic input and output,
as described in Sec. 2.1.1. The deterministic output of this system is given by:

y(R)y(k - 1)(y(k) +2.5)

vtk ) = A 2 (k- D)

u(k), (3.57)
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3. Uncertainty Analysis of Nonlinear Discrete Dynamic Systems

Since we need a stochastic system to be used in the proposed uncertainty modelling approach
and later in the system identification, we artificially introduce uncertainty of known type
in the output given by (3.57). In order to achieve this task, five random variables following
Gaussian distributions with mean and variance given by (3.58) have been added at each
time instant k. The resulting output is a mixture of Gaussian distributions (GMM). As a
result, the output is made a random variable following a specific and known PDF given as

follows:
Pr(yg) =0.5-Pry +0.125- Prg + 0.125 - Prg + 0.125 - Pry + 0.125 - Pr3,

1 (yx = )
WGXP(_T 5 lzl,...,S, (358)

p =y(k), p2 =0.9-y(k), p3 =1.1-y(k), pa = 0.8-y(k), ps = 1.2-y(k), 0 = 0.1

PI‘[ =

where y(k) is given by (3.57).

For the sake of illustration, a single time instant for k£ = 1000 is depicted in Fig. 3.10. The red

Frequency

3 35 4 45 5 5.5 6

Output Variable (random)
—— Conditional pdfs ==3 Histogram == True Value
===- Mean Value ===+ CI based LB ===- CI based UB

Figure 3.10: y;, at k=1000 [132]

curves show the conditional probability densities p(yrlyx-1,- -, Yk-n,  u(k=7=1),... , u(k -
T -ny)), k = 1000. In order to obtain multiple output time series, the experiment is
repeated M =100 times. The number of repetitions should not be too low, as it makes the
statistical inference unreliable. When it is too high, it increases the experimental burden

and the computational overhead. As a rule of thumb, the sample size equals to 25 or 30
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considered as the boundary between the small and large sample size [32]. Examples include
the central limit theorem, the examination of chi-square distribution, and the reasonably
short confidence bounds on the variance estimate for the normal distribution. Therefore,
the number of experiments M = 100 was chosen as a compromise. There is one curve for
the conditional density corresponding to each experiment (shown in red curves). In each of
these individual experiments, a random value of output yj is generated out of this PDF and
then subsequently used to determine the conditional density of the next output signal, and
so on. At the end, we observe the output matrix, given by (3.33). Recall that, the value of
k = 1000 actually means the 1000th row of this output matrix. The normalized histogram
is also shown in Fig. 3.10 together with the true value of the output signal at that time
instant, mean of the observed sample of size 100, and the confidence interval based lower
and upper bounds determined using Chebyshev’s inequality. The value of the significance
level is chosen as « = 0.25 for creating envelopes of response based on 100(1-a)100% = 75%
CI. The corresponding value of the coverage factor is determined using (3.52), using values
a=0.25 & M =100, and found out to be k.= 2.0258.

In order to generate random numbers from any arbitrary distribution in Matlab using the
basic rand function (a function that generates a random number from the uniform distribu-
tion in the range [0,1]), the approach taken by John S. Denker [23] is used. In this approach,
the cumulative density function (CDF) is formed by the cumulative trapezoidal numerical
integration of the probability density function. After the CDF is obtained, the inverse CDF
function is computed for getting random values of the random variable. For getting the in-
termediate values between the points, the 1-D interpolation of the inverse CDF is used, see
[23] for more details. The whole procedure is illustrated in Fig. 3.11. The lines in Fig. 3.11
show how a uniformly distributed random variable can be mapped into CDF of the desired

distribution.

Since the presented modelling approach requires the definition of desired or true point
predicted output, the deterministic output given by (3.57) is taken as the reference for point
prediction. It is remarked here that in real systems, only a family or band of the output time
series is obtained from a stochastic dynamic system and thus the true or reference output
time series cannot be exactly defined. However, it is demonstrated that the expected time
series is a good estimate of the true time series provided that the uncertainty is distributed
symmetrically as given in (3.58) [132]. The output time series of this system in M = 100
experiments are illustrated in Fig. 3.12. The figure clearly shows that a band or family of
the output time series is obtained as a result of these experiments (shown in grey lines). The

red curves shows the envelopes of the response for 75 % CI based on Chebyshev’s inequality.
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Figure 3.11: Illustration of generation of CDF of a random number following a specific distribution
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Figure 3.12: The stochastic output signal of the academic example for the identification and validation data
[132]

From this figure, it is quite clear that the mean time series is a good estimate of the true

time series. Although, only the envelopes based on the confidence interval and mean the
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point estimator are illustrated here, similar kind of response is obtained for the worst case
and the percentile based envelopes, and median and mode as the point estimators. As
described earlier, this scheme is particular useful when the random variable is distributed
asymmetrically, since the mean time series then lies exactly in the middle of the confidence

interval based envelopes.

3.6.2 Electro-mechanical Throttle Valve

The brief description of the throttle including the motivation behind choosing this as a
second test stand, the description of the test stand, and of the design of experiment is given
in Sec. 2.2 of Chapter 2. The input signal chosen for carrying out uncertainty analysis is a

multisine signal shown in Fig. 3.13. As described in Chapter 2, a phase optimized multisine

30 a
X020
E
E} 10 |-
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oL
~10 I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10

Time in sec.

Figure 3.13: The input signal for the electro-mechanical throttle valve for M = 80 experiments

signal is selected, and the identification experiment is repeated M = 80 times. The number
of repetitions should not be too low, as it makes the statistical inference unreliable. When it
is too high, it increases the experimental burden and the computational overhead. As a rule
of thumb, the sample size equals to 25 or 30 considered as the boundary between the small
and large sample size [32]. Examples include the central limit theorem, the examination of
chi-square distribution, and the reasonably short confidence bounds on the variance estimate
for the normal distribution. Therefore, the number of experiments M = 80 was chosen as
a compromise. Owing to uncertainties, mainly friction, the output obtained from these
experiments shows variability, as depicted in Fig. 3.14. Denoting ¢ as the angular position

of the throttle, in all of these experiments the throttle starts from its fully open position, i.e.
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100

High frequency region Low frequency region

Angular position in ©

Time in sec.

—— Mean time series —— CI based LB
—— CI based UB Measured time series

Figure 3.14: The output signal (the angular position of the throttle) for M = 80 experiments

¢ =90°. A band of output time series is obtained shown in grey and marked as measured
time series in Fig. 3.14. Large variability is observed, especially at the slow-changing zone,
where the throttle got stuck, where the stick-slip effect is dominant. In the fast-changing

zone, for instance the initial duration of 0.4 sec., less variability is observed.

Looking more closely at the distribution of uncertainty at each time instant, it was observed
that the uncertainty was distributed non-normally. Furthermore, the form, nature and
shape of uncertainty was not uniform at all time instants. For the sake of illustration, the
histogram of the output signal at a time instant & = 100 is illustrated in Fig. 3.15. To
estimate and visually describe the PDF, the normalized histogram, the density estimate
by KDE and GMM are illustrated in this figure. As described in Sec. 3.1, increasing the
number of Gaussian mixtures or components increases the estimation capability of the GMM.
A parsimonious model with reasonable estimation is, however, recommended. Hence, there
is always a trade off between the estimation accuracy and the number of parameters in the
model. Keeping that trade off in mind, in order to find the adequate number of mixtures

components, two criteria AIC and BIC are used. Both the AIC and BIC suggest to use

60



3.6. Case Studies

2 1 1
150 : |
= o i |
A 10 i -
A :
05 1
0 g | lul m ﬂ
72 725 73 735 74 T45 75 755 76
yr at k=100
— KDE — GMM 1 Normalized Histogram
===- Mean Value ---- CI based LB ==-- CI based UB

Figure 3.15: Uncertainty analysis of y; at k =100

No. of mixture AIC BIC
1 -1210.57 -1205.36
2 -1250.35 -1237.33
3 -1246.35 -1225.51
4 -1270.18 -1241.53
5 -1264.40 -1227.92
6 -1258.39 -1214.10

Table 3.4.: The values of AIC and BIC for different Gaussian mixtures

four Gaussian mixtures or components in the GMM. The AIC and BIC values are tabulated
in Tab. 3.4. The mean and standard deviation of these mixtures along with the mixing

coefficient are given in Tab. 3.5.

For this distribution, the extended Chebyshev inequality in (3.48) has been used to determine
lower and upper bounds or envelopes of the response based on (1-«)100 % CI, where a = 0.25
provides for the 75 % CI. For that purpose, the value of the coverage factor k. is calculated
as 2.0324 using (3.52). The mean value along with the envelopes is illustrated by the dotted
lines in Fig. 3.15. Since the distribution is asymmetric, the value of y; at which the PMF

takes the maximum value, the so-called most likely value or the mode of the distribution,
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Mixture Mixing coefficient Mean Standard deviation

1 0.497 73.703 0.015
2 0.195 72.743 0.003
3 0.217 74.247 0.197
4 0.091 73.056 0.038

Table 3.5.: The parameter values of the GMM

differs from the mean value as indicated in Fig. 3.15. If the most likely value is desired, the
distribution has to be considered. However, this would require to train two models. One for
the most likely model using crisp data (using the classical TS model), and the other one for

envelopes using interval data (TS modelling using the interval data).

Needless to say, for this distribution, actually it does not require to test the distribution for
normality, but for the sake of completeness, a normality test is performed on this sample,
as described in detail in Sec. 3.2. The data points clearly deviate from the diagonal line,

indicating that the underlying distribution is not normal, as shown in Fig. 3.16.

3.6.3 Servo-Pneumatic Longitudinal Drive

For the general description of the servo-pneumatic longitudinal drive see Sec. 2.3. In this
section, the uncertainty analysis of the servo-pneumatic longitudinal drive will be done using
the analysis tools discussed in this chapter. The analysis is similar to the case study of the
throttle valve. As done previously, in order to capture the stochasticity of the output signal
at each time instant, we design an input signal and apply it to the system a number of times.
For that purpose, a phase optimized multisine is selected as the input signal, see Sec. 2.3 for
the design details. The input and the corresponding output signal for M = 100 experiments
are shown in Fig. 3.17 and Fig. 3.18, respectively. The number of repetitions should not be
too low, as it makes the statistical inference unreliable. When it is too high, it increases the
experimental burden and the computational overhead. As a rule of thumb, the sample size
equals to 25 or 30 considered as the boundary between the small and large sample size [32].
Examples include the central limit theorem, the examination of chi-square distribution, and
the reasonably short confidence bounds on the variance estimate for the normal distribution.

Therefore, the number of experiments M = 100 was chosen as a compromise.

Considerable variability in the output signal is observed due to the stochastic nature of the
drive, mainly due to friction. As in the case of the electro-mechanical throttle valve, the

experiment is performed in the open-loop and without any friction compensation. Fig. 3.18
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Normal Probability Plot

0.99 | -
0.98 - .

0.95 - SW Test: oae ¥

0.90 | H=1,p=0.000,W=0.930 A

0.75 |-

0.50 [

Probability

0.25 | e

4
010 § .-
/+/

0.05 %

!
0.02 |+
0.01

+
| | |

| | | | |
726 728 73 732 734 73.6 73.8 T4 742 744 746 748 75

yi at k=100

Figure 3.16: Normal probability plot for the chosen sample

shows all the 100 measured output times series along with the mean time series and the
envelopes based on the (1 -a)100% CI using the extended Chebyshev inequality in (3.48).
As in the case of the electro-mechanical throttle, the value of the coverage factor k¢ = 2.0324
was calculated using (3.52) for « = 0.25 which leads to 75 % CI. As apparent from Fig. 3.18,
the effect of uncertainty is prominent and clearly visible at low frequencies, for instance,
between 51 and 53 seconds, which is also shown enlarged. The piston at this time instant
was not able to move and a different force was required in each experiment to make it

move.

In order to perform an in-depth uncertainty analysis at each time instant, the normalized
histogram, KDE and GMM are used for density estimation, and it is illustrated for the
instant k£ =550 in Fig. 3.19. Similar to the case of the throttle, up to six mixtures are used
to estimate the PDF for GMM. It is remarked here that the distribution shown in Fig. 3.19 is

only for one instant. For each time instant, a different distribution is obtained with different
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Figure 3.17: The input signal for the servo-pneumatic longitudinal drive for M = 100 experiments
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Figure 3.18: The output signal for the servo-pneumatic longitudinal drive for M = 100 experiments

values of the standard deviation resulting in different values of the coverage factor. Both the
AIC and BIC suggest 3 mixtures to be included in the GMM. The minimum of these values
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Figure 3.19: The normalized histogram, KDE, GMM, mean value and CI based LB and UB for the output
sample of y, at k =550

Mixture AIC BIC

1 -920.21  -915.00
-932.59  -919.56
-945.97 -925.13
-941.90 -913.25
-940.67 -904.20
-934.64 -890.36

SO W N

Table 3.6.: The values of AIC and BIC for different Gaussian mixtures

occurred at the third mixture as given in Tab. 3.6. The parameters of GMM are given in
Tab. 3.7.

Mixture Mixing coefficient Mean Standard deviation (1077)

1 0.224 0.117 0.70
2 0.160 0.112 4.46
3 0.616 0.116 42.97

Table 3.7.: The parameter values of the GMM
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Figure 3.20: Normal Probability Plot

The distribution is certainly non-normal. Its GMM approximation is tri-modal, i.e. it has
three Gaussian components. This is also confirmed by the normal probability plot illustrated
in Fig. 3.20. The data points do not follow the reference diagonal line for the normal
distribution. Looking at the SW test, the normality hypothesis is clearly rejected (H=1)
with a fairly low p-value (0.001).

3.7 Summary and Discussion

It is remarked here that the purpose of performing this uncertainty analysis and describing
the output values as a histogram is to accurately characterize the uncertainty at each time
instant. Since it is not possible to present the analysis for each time instant, only the
analysis for a single instance is provided in this chapter. Although, we currently discard this

distribution information by taking the envelopes, the modelling can be made more accurate
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if the actual distribution, instead of envelopes, is considered for modelling using techniques,
such as Symbolic Data Analysis (SDA). This seems to be a tedious task and would require
a lot of computational power which is infeasible with the present resources. With the
advancement of fast processors and memories, it is expected to process the histogram of the
output values at each time instant and thus predicting or forecasting the output signal as a

histogram as well.
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Description of Uncertainties with

Fuzzy Logic Systems

This chapter starts with the basic introduction to T2 FLS. The second section provides a
succinct overview of the presented modeling approaches in the first section, followed by the
definition of some notation that is widely adopted in the forthcoming chapters related to
the four types of TS fuzzy modeling. In addition, the model assessment criteria that are

used exclusively in all those chapters will be described.

4.1 Introduction to T2 FLS

The conventional FLS use the ordinary two dimensional T1 FS, which have crisp grades. In
order to increase the fuzziness of the ordinary FS, T2 FS were proposed which have a fuzzy
membership grade. The FLS that use the T2 FS are called T2 FLS. They have proved their
higher approximation accuracy and improved uncertainty handling in the Fuzzy System
Modelling (FSM). Due to the high computational complexity of the general T2 FLS, the
interval T2 FLS (IT2 FLS) were proposed. The interesting and useful characteristic of the
T2 FLS is their ability to provide not only the crisp output at the final stage, but also
a type-reduced set. The type-reduced set provides a measure of uncertainty in terms of
minimum and maximum values of the output, that can be attributed to the presence of the
uncertainties in the system. The educational perspective of the T2 FLS as described by
Mendel [72] is shown in Fig. 4.1.
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Figure 4.1: Education perspective of T2 FSs and T2 FLSs [72]

Definition 4.1.1. (T2 FS): A T2 FS, denoted by A, is characterized by a T2 MF pg(x,u),

where x € X and we J, € [0,1], i.e.
A= {((z,u), pz(z,u)) Vo e X, Vue J, € [0,1]} (4.1)
in which 0 < pz(x,u) < 1.

Alternatively, A can also be expressed as:
A = f f i\, ’ ) e],'l) c 0, 1 4.2
xeX Jued, A( U)/(m U) [ ] ( )

Where [ [ denotes union over all admissible 2 and « in the continuous domain. For discrete
universe of discourse | is replaced by Y. Hence a T2 membership grade can be any subset
in [0,1], the primary membership (J;), and corresponding to each primary membership,
there is a secondary membership (p;(x,u)) that defines the possibilities for the primary

membership.
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Figure 4.2: An example of I'T2 FS (left) and the vertical slice of x = 2’ (right)

Definition 4.1.2. (Footprint Of Uncertainty (FOU)): Uncertainty in the primary member-
ship of a T2 FS, A, consists of a bounded region that we call the footprint of uncertainty. It

is the union of all primary memberships, i.e.,

FOU(A) = J. (4.3)
reX

Definition 4.1.3. (Upper and lower MF): An upper and lower MF are two T1 MFs that
are bounds for the FOU of a T2 FS A. The upper MF is associated with the upper bound of
the FOU (A), and is denoted by f;(x), Yo e X. The lower MF is associated with the lower
bound of FOU (A), and is denoted by pi(z), veX, de:

fiz(x) = FOU(4) (4.4)
u5(x) = FOU(A) (4.5)

Definition 4.1.4. (IT2 FS): An IT2 FS is a special type of T2 FS for which all the sec-
ondary grades are equal to unity. It is completely characterized by its FOU. Mathematically,

A:/KX fWI (z,u), T c[0,1]. (4.6)

In this formula, one can say that for every ordered pair (z,u), the secondary membership

grade is unity. An example of IT2 FS is illustrated in Fig. 4.2.
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In summary, based on the secondary MF (i ;(z,u)), an FS can be described as T1 FS, IT2
FS and GT2 (General) FS as shown in Fig. 4.3.

i’ w) pa(a’,u) pal@ u)
1 1 1
0 P u(z’) 0, b u(z’) 0 b u(a’)
a) b) <)

Figure 4.3: Secondary membership of the (a) T1 (single set), (b) interval T2 (interval set), and (c) general
T2 (have triangular T1) FSs

The block diagram of a T2 FLS is shown in Fig. 4.4. It consists of a fuzzifier, a data base
(FSs), a knowledge base (rules), an inference mechanism, and an output processor. Like the
ordinary FLS (T1 FLS), the T2 FLS has the same IF THEN rule structure. Unlike the T1
FLS, the T2 FLS has at least one T2 FS, either in the antecedent or consequent part of the
rule and an additional step in the output processing, called type-reduction. Two types of

inference mechanism are most popular:
1. Mamdani inference, and
2. Takagi-Sugeno-Kang inference.

Only singleton fuzzification and multi-dimensional TS inference mechanism will be discussed
in the later chapters. See [71], for more details of T2 FLS.

The type-reducer converts a T2 FS into its T1 counterpart which can be thought of as
representing the uncertainty in the crisp output due to uncertainty in the primary MFs.

The details about type-reduction will be presented in the subsequent chapters.

The notation used in this dissertation for describing different types of signals or variables
has been organized as shown in Tab. 4.1. Also, an interval variable is denoted by a tilde
accent mark (e.g. Z) in order to distinguish it from a crisp variable (e.g. ).  Furthermore,
an estimated signal is represented by a hat accent mark. For instance, § represents the
estimate of y. The lower and upper limits of an interval variable Z is denoted by lower and

upper bars, respectively, i.e. T = [z, T].
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Figure 4.4: Block diagram of T2 FLS
Notation Example Description of
variable
Roman italic normal T Deterministic scalar
lower case
Roman italic bold x Deterministic vector
lower case
Roman italic normal X Deterministic matrix
upper case
Sans-serif normal lower X Stochastic scalar
case
Sans-serif bold lower X Stochastic vector
case
Sans-serif normal upper X Stochastic matrix

case

Table 4.1.: Notation used in this dissertation

4.2 Overview of the Presented Modeling Approaches

In the forthcoming chapters, the T1 FLS with crisp and interval data will be discussed in
detail and the results on those models will be demonstrated on the chosen case studies as
discussed in Chap. 2. The T1 and IT2 models can be distinguished based on the crisp and
interval-valued nature of data and MF values as shown in Fig. 4.5. All of these models can be
considered as the extension of the functional fuzzy models using multidimensional reference

FSs [52] for interval data and interval memberships. These multidimensional reference FSs
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Crisp Membership Interval Membership

Crisp Data

Interval Data

Figure 4.5: The four types of TS fuzzy models based on the crisp and interval nature of data and MF values

were suggested to be used in the modeling of nonlinear systems in [52]. This tremendously
reduces the number of rules and thus the problem of curse of dimensionality (especially in
the case when there are many inputs) can be avoided by using multidimensional reference
FSs.

4.3 NARX and NOE Models

Generally, a NARX model is used for prediction, whereas a NOE model is used for simulation
[81]. Fig. 4.6 shows the NARX and NOE models. These models consist of tapped delayed
blocks (¢7'), which are passed to a non-linear function (g(-)). In the NARX model, the
model predicts one or several steps ahead into the future on the basis of previous process
inputs u(k — 7 —14) and process outputs y(k — ) (serial-parallel configuration) and predicted
historical output values, and thus the process output needs to be measured during operation.
On the other hand, the NOE model simulates future outputs on the basis of previous
inputs u(k — 7 —4) only (parallel configuration), and thus process output does not need
to be measured during operation. The NARX model can mathematically be described as

follows:
9(k) =g(u(k-7-1),...,u(k—7-ny),y(k-1),...,y(k—ny)) (4.7
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Figure 4.6: NARX and NOE models
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4.4. Model Assessment Criteria

By the same token, the NOE model can be written as:
g(k) = g(u(k-=7=1),...;u(k =7 -ny),5(k=1),....9(k - ny)) (4.8)

Typical applications for the NARX model include weather forecast and stock market pre-
dictions, where the current output of the system is available, or for the cases where an
approximate simulation model is required. The NOE model, which is optimized for simula-
tion, is required for applications like accurate simulation or Model Predictive Control (MPC)
[38]. Moreover, the NARX model is also used as the initial estimate for the NOE model
optimization. It is remarked here that other nonlinear model structures with more complex
noise models such as Nonlinear Box-Jenkins models (NBJ) or Nonlinear AutoRegressive
Moving Average models with eXogenous inputs (NARMAX) are also possible, but they are
uncommon because of their increased computational complexity with increasing number of
inputs (curse of dimensionality). Having estimated the NARX model for One Step Ahead
Prediction (OSAP), the model is tested for the NOE case. If the modeling performance is
not satisfactory, the model parameters need to be adjusted for the NOE model. The prob-
lem of estimating the parameters for the NOE model is a nonlinear optimization problem.
Knowing the fact that the optimization result highly depends on the initial values', the
parameters of NARX models are passed to the nonlinear optimization as the best initial

guess.

4.4 Model Assessment Criteria

For accessing the performance of a model, usually the approximation error is used as a
performance measure. Moreover, the results for the validation/test data set is more signif-
icant than the results for the identification/training data set. Among various criteria that
have been proposed so far to judge the model quality, usually the measures for the worst
case, the average deviation, and/or the relative measure are used. Three criteria, namely
Maximum Absolute Error (MaxAE), Root Mean Squared Error (RMSE), and Normalized
Mean Squared Error (NMSE) are used in this dissertation. For a complete review see [53].
Given a data set having N observations and assuming y(k) be the output of a system, and

7(k) be the corresponding output of the model, these criteria are defined as follows:

1. MaxAE:
Jtaxar = 113271(\/ |y(k‘) - y(k:)|, (4.9)

'In the case of gradient-based methods
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4. Description of Uncertainties with Fuzzy Logic Systems

2. RMSE:

1Y 2
Jruise = \J N Z (y(k) = 9(k))". (4.10)
k=1

3. NMSE:
Je Yo (y(k) - 9(k))?
NMSE = N ,
Y1 (y(k) - 9)?

I
, y:N;y(’c) (4.11)

These criteria are used to asses the performance of the modeling results for both the cases
of crisp and interval data. For interval data, the lower and upper bounds of the system
and model are first concatenated to form a single time series, and then these criteria are

applied.

4.5 Visual Comparison between Alternative Model Descriptions

A visual comparison of the models, with respect to the antecedent and consequent structures
and the input and output of the model, is provided in Fig. 4.7. Since only dynamic system
identification is addressed in this work, the antecedent (z or Z) and consequent (x or X)
variables consist of lagged inputs and measured (NARX model) or predicted (NOE model)
outputs. If a NOE model is considered, an example of these variables is z(k) = [u(k -
1),9(k-1)]", x(k) = [u(k-1),5(k-1)]" for the case of crisp input and crisp output; whereas
Z(k) = [u(k-1),5(k-1)]7, %(k) = [u(k-1),5(k-1)]" for the case of crisp input and interval
output. The input signal shown in Fig. 4.7 is crisp in nature; however, it should not restrict
the modeling capability, as the modeling procedure remains the same for an interval input.
For the ease of illustration, the MF values are plotted only for the value of 0.5. The value
v =2 of the fuzziness parameter was selected such that the contour lines of the membership
functions (shown in different colors) of each fuzzy set have some distance or gap between
them. As v — 1, these contour lines seems to coincide with each other. The first of these
models is the multi-dimensional reference fuzzy set based fuzzy model presented in [52], and
here it is called Crisp-Data Based (CDB) Type-1 (T1) TS Fuzzy Model (FM). This model
is called CDB because it uses crisp data (input and output) for model estimation. This is
the classical case, in which the model has no uncertainty in the membership functions or
the local model parameters. To add the uncertainty handling capability to the classical FM,
interval fuzzy membership functions and interval local model parameters are utilized in the
CDB Interval Type-2 (IT2) TS FM, resulting in interval bound with bounded uncertainty
(so-called typed-reduced set). When there is stochasticity in the dynamic system to be

modeled, the output of such a system can be represented in the form of intervals. The last
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Figure 4.7: Visual comparison between alternative modeling frameworks; CDB T1 FM: Crisp Data-based
Type-1 Fuzzy Model, CDB IT2 FM: Crisp Data-based Interval Type-2 Fuzzy Model, IDB T1
FM: Interval Data-based Type-1 Fuzzy Model, IDB IT2 FM: Crisp Data-based Type-1 Fuzzy
Model

two models, i.e. the Interval-Data Based (IDB) T1 TS FM, and the IDB IT2 T'S FM can be
used for modeling such systems using interval data. The difference between these models is

summarized in Table 4.2.
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4. Description of Uncertainties with Fuzzy Logic Systems

Table 4.2.: Comparison of different types of TS FLS

Interval Interval Interval Interval
Type of FLS data MF cluster local model
(15,5(,2) (i) prototypes (Vi) parameters (&;)
CDB T1 TS X X X X
CDB IT2 TS X v v v
IDB T1 TS v X 4 v
IDB IT2 TS v v v v

4.6 Mathematical Comparisons between Alternative Model De-
scriptions

Mathematically, these four model types are described for the Multiple-Input Single-Output
(MISO) case as follows:

CDB T1 TS FM: g(x,2z) = Zui(vi|vh_”,vc,z) al [1 XT]T ,
i=1

{ }
CDB IT2 TS FM:  y(x,z) = chﬂi(ffilal,m,oUZ) {7 1 XT]T}v
i=1 (4.12)
IDB T1 TS FM:  §(%,7) = Y. wi(¥ile,,v.,7) (& [1 %]}
{ }

C
IDBIT2 TS FM:  §(%,2) = Y jui(Vile, . 5..2) {&] [1 ]

4.7 Summary and Discussion

Some preliminaries for the rest of the chapters have been presented in this chapter including
an overview of the modeling approaches used in this work. Moreover, the notation that is
adopted for the fuzzy modeling was described. The model assessment criteria along with

their mathematical equations for assessing model quality were described.

The last sections dealt with the visual and mathematical comparison between alternative
model descriptions. As can be seen in Fig. 4.7 and is evident from Eq. (4.12), these model
descriptions differ from one another depending upon the crisp or interval nature of data
or parameters. Of all these models, the IDB IT2 TS FM, is the most general one. It
uses interval data for modeling and incorporates bounded uncertainty in interval cluster

prototypes and local model parameters.
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Crisp-Data Based Type-1 TS FLSs

This chapter provides a brief description of the model structure of Crisp-Data Based Type-1
Fuzzy Models (CDB1 T1 FM), along with the procedure to obtain its parameters. Since
this model handles crisp input-output data and crisp MF values, it is referred to as the
Crisp-Data Based Type-1 Takagi-Sugeno FM. By using the CDB Crisp-Valued (CV) FCM
(ordinary FCM) and the method of ordinary least squares, the model is first estimated for the
NARX case. Here the ordinary FCM is termed as CDB CV FCM because it clusters the crisp
data and provides for crisp cluster prototypes. Subsequently, the NOE model is estimated
using a nonlinear optimization algorithm with the NARX parameter values as initial values.
Having described the modeling procedure, the modeling results are demonstrated for the

chosen case studies. The chapter concludes with a brief discussion.

5.1 Model Structure

To keep things and notations simple, consider a Single-Input-Single-Output (SISO) case.
The extension to the Multiple-Input-Single-Output (MISO) case is straightforward, whereas
the Multiple-Input-Multiple-Output (MIMO) model can be considered as the extension
of several MISO models operating in parallel. The i-th of ¢ rules of the TS FM with

multidimensional reference FSs and affine consequents is given by [52]:

IF z IS v; THEN g, =a] -[1,x"]" (5.1)
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5. Crisp-Data Based Type-1 TS FLSs

with:
R;: i-th fuzzy rule,
z: antecedent or scheduling variable, z = [z, ..., 2., |7 € R"*!,
Vi i-th cluster prototype, vi = [v14,...,Vp, )" € R™*L
Ui output of the i-th rule, ; € R,
a;: consequent or local model parameters, a; = [ag;,a1,,...,0r,:]" € R(“*l)“,
X: consequent or regressor variable, X = [x1, ..., 2, ]T € R™*L,

Since only dynamic systems are considered in this research, z and x are chosen as the vectors
of lagged inputs and measured outputs in accordance with the NARX nonlinear dynamic

model. The antecedent and consequent variables are given by:

z(k)=[u(k-7-1),...,u(k -7 -ny,)y(k-1),...,y(k-ny)]" (5.2)
x(k)=[u(k-7-1),...,u(k—-7-ny),y(k-1),....y(k—ny)]" (5.3)

where 7 is the input dead time, rq = ny, + ny,, and re = 1y, + ny,. The values of n,,,
Ny, , Ny, and n,_represent the number of lagged input and output terms in the antecedent
and consequent variables. For simplicity, the term ¢;(x(k)) is shortened as ;(k). It is
remarked here that, in general, the elements of z and x can be any function of lagged
inputs and outputs. As an example, the antecedent variable can be selected as: z(k) =
[u(k-1),y(k-1) - y(k-2)]" with r, = 2 in the electro-mechanical throttle case study. In
the multidimensional reference FS, the degree of fulfillment for the i-th rule is determined
by the MF of the FCM clustering as follows:

Mz(k»:[z(lzwwr] ew -

j=1 llz(k) = v;ll2

where ||.||2 is the Euclidean distance !, and v is the fuzziness parameter. The final crisp
output of the CDB T1 FLS is calculated as the weighted average of outputs of the c rules,

where weights are determined by the MF values as follows:

1i(z(k))

(@) (5:5)

(k) = 3, 6i(a(k)gi(x(k)),  ¢i(z(k)) =

i=1
where {¢;(z(k))}5_, are called fuzzy basis functions, which actually define the validity re-
gions of the local affine models. The MF of FCM clustering defined by (5.4) are orthogonal,

ie. X5 pni(z(k)) =1 and thus ¢;(z(k)) = pi(z(k)),i=1,...,c

't is possible to use other distance norms such as the general Minkowski p-norm (includes Euclidean for
p =2) or Mahalanobis distance norm.
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5.1. Model Structure

The entire identification algorithm comprises of the estimation of the following two sets of

parameters:

1. A set of premise or antecedent parameters, i.e. a set of ¢ cluster centers or prototype
T]T_

vectors lumped into a single vector v e R, v :=[v],...,v]

2. A set of consequent or local model parameters consisting of ¢ parameter vectors of
T]T

local affine models lumped into a single vector a € RC(’“““), a:=[af,...,a/

The whole procedure to estimate these parameters is summarized in Fig. 5.1.

e c RN

N eRN
u—€1>R—>| Dynamic System 4 Y
: CDB T1 TS FM ;
E My Ty E
i Antecedent NARX Parameters '
; [ [u®k—7—1) :
i @ Ancedent ]
. g T e plulk — 7 —ny, 7 d RN x4 Parameters 1 Vo € RTa
i through 3
' 1 ! [ely(k-1) CDB CV :
: : v FCM '
: ‘I g "va |—> y(k —ny,) :
: . Ty ]
E Consequent U |RNxe E
: T o G :
‘ — Consequent '
| e (k=7 —nu,) ; ce(re
! ! e X € RNx7e Parameters ' agex €R (ret1)
i through s
[ 1 _ 1
' q y(k—1) OLS '
$ 19 " y(k—mny,) E

Figure 5.1: The procedure of parameter estimation for CDB T1 TS FM for the NARX case
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5. Crisp-Data Based Type-1 TS FLSs

Having done the DOE, an input signal u of length N is applied to the dynamic system
to be modeled. As a result an output signal y € RY is obtained. These u and y signals
are passed to the tapped delay blocks (¢7!') of the antecedent (input order = n,,, output
order = n,,) and consequent (input order = n,,, output order = n,,_ ), which lead to the
antecedent (Z € RV*") and consequent (X € RV*") data matrices. The order of the input
and output terms for the antecedent and consequent part is chosen a priori by the designer,
based on the process knowledge or using some heuristic. These data matrices are then used
by the identification algorithm to estimate the antecedent and consequent parameters of the
NARX model. By using X, ¢ and v, the antecedent parameters (cluster prototypes v € R“*)
are estimated through the CDB CV FCM. The consequent parameters (a) are estimated

using Ordinary Least Squares (OLS) to minimize the objective function in (5.6):

N . 2

DY (y<k> - Zm(zw))@i(k)) - MIN (5.6)

k=1 i=1

The OLS algorithm provides a consistent, optimal, MLE, and minimum variance unbiased
estimate of the parameter vector a, provided that the regressor variables are exogenous
(independent of errors), and the errors have finite variance, and are i.i.d. and normally
distributed. The parameters obtained by minimizing the objective function (5.6) are optimal
in the global sense. When the emphasis is on the interpretation of the local model and the
local accuracy, then the parameters should be estimated in the local sense by minimizing

(5.7). Here parameters are estimated separately rule by rule.

c N ,
Tk = Zlkzl (y(k) = pi(z(k))gi(k))* = MIN (5.7)

Since the entire procedure of the NARX parameter estimation revolves around the estima-
tion of the antecedent and consequent parameters through the CDB CV FCM clustering

and the OLS, respectively, these procedures are given in detail here.

5.2 Partitioning of the Antecedent Space

The Fuzzy C-Means (FCM) [11] is used for the identification of the antecedent/premise.

The cluster prototypes (vyarx) are obtained by minimizing the objective function:

Viarx = V7 = arg min(JFCM(Zv vaal’))a (58)
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5.2. Partitioning of the Antecedent Space

with

N
Jrem(Z,U,v,v) =,
k=1

5 i (k) k) - vil, 59)
i
where Z is the input matrix of the antecedent part,
Z:=[z(1),...,2(N)]", Z e RV*Ta,
and U is the partition matrix,

U = [ui(z(k))] iet,..c , U e RV
k=1, N

As apparent from the objective function (5.9), the cluster prototypes (v;) are adjusted in
a clustering sense, i.e. with the aim to group the data points. Accordingly, they are not

adjusted optimally to capture the input-output behavior of the system.

The implementation of the FCM algorithm begins with the random initialization of either
the partition matrix U or the cluster prototypes (v;), and then it subsequently iterates
between the representation and allocation steps. In the representation step, the cluster

prototypes are updated as follows:

i (z(k))z(k)

pi (z(k))

(5.10)

k=1

In the allocation step, the values of the MF are updated according to:

5 41
m(Z(k))=[Z(|z(k)_W”2) ] - (5.11)

= \lz(R) = vill2

The entire CDB CV FCM clustering algorithm is executed in the following steps:
1: procedure CDB CV FCM ALGORITHM

Initialization:

Choose ¢ (the number of clusters), 2<c< N

Choose v (fuzziness parameter), 1 < v < oo

Choose T' (maximum no. of iterations), 1 <7 < oo

Choose € (tolerance limit), e >0
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5. Crisp-Data Based Type-1 TS FLSs

7: Randomly initialize v; (cluster prototypes), i=1,...,¢, k=1,...,N

8: Set ¢ = 0 (iteration counter)

9: repeat

10: Representation step:

11: Fix the membership degrees p;(z(k))’s and compute the prototypes v;’s, using
(5.10)

12: Allocation step:

13: Fix the prototypes v; and compute the membership degrees p;(z(k)) using (5.11)

14: t<—t+1

15: until [Jeon i1 — Jrowg| <€ or ¢>T

16: Output: cluster prototypes (v;’s) that locally optimize (5.9)

17: end procedure

5.3 Estimation of the Local Model Parameters

In this work, the consequent parameters (ayapx € R*D*1) are estimated globally by
using the OLS method (NARX model). Denote M; € RV*V the diagonal matrix having
membership grades p;(x(k)) as its k-th diagonal element with 1 < i <cand 1 <k < N.

Define a matrix
X = [X,1] e RV*(erl)

where X is the input matrix for the consequent part,
X = [x(1),...,x(N)]T e RV*7e,

RNXI

and 1 is a unitary column vector in . Moreover, define

X' ¢ RNxc(rC+1)

as
X' = []leea s 7JMCX‘*]’

then ayaryx is calculated as

Axanx = [(XI)TXI]fl(XI)Ty.
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5.4. Estimation of the NOE Model from the NARX Model

The premise and consequent parameters can be lumped into Oyrx as follows

1T T
Oxanx = [Vianxs Avanx]

T c RC(TIJ,+TC+1)X1 .

5.4 Estimation of the NOE Model from the NARX Model

(5.12)

Having estimated the NARX model, its performance is evaluated for the NARX scheme as
shown in Fig. 5.2. As the target is to obtain a NOE model, the NARX model is usually
first tested for the NOE scheme, shown in Fig. 5.3 When the performance of the NOE

CDB T1 TS FM
Antecedent x(k) Antecedent MFs | #:(K)
u(k—7—1) — | qg':i """ ::"“Ll Parameters: v,v .
i o Fuzzy Merging y(k‘k - 1)
9(k) = 3252y pa(k) - a(k)
vk—1) Consequent, k
o | (k) | Afiine Local Models
= ZOV—IZ~--:—n::+1 Parameters: a $i(k)
Figure 5.2: The evaluation of the NARX model
CDB T1 TS FM
Antecedent x(k) Antecedent MF | #4i(F)
ulk —1—1) — g:i """ ::““Ill Parameters: v,V .
YYYYY m Fuzzy Merging G(klk —1)
- (k) = S5, palk) - ()
k-1 Consequent
il ety 1 z(k) Affine Local Models
L ZO:—I:::::fn;in»l Parameters: A $i(k)

[ |

scheme is not satisfactory, then the NARX model is optimized for the NOE case.

L |

Figure 5.3: The evaluation of the NOE model

The

Matlab function lsqnonlin is used for determining optimal cluster prototypes and local
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model parameters for parallel mode evaluation. Levenberg-Marquardt [55, 56] is selected as
nonlinear optimization algorithm. Denoting the lumped parameter vector for a NOE model
as Oyop € REaHer X1 g oo [vI - al 7. It is obtained by minimizing the Mean Squared
Error (MSE) of NOE model as follows

" 1 X N
Oyor := 0" = arg min — Z(y(k:) — Gvor(0, k). (5.13)
0 N3

The starting value of 6 is chosen to be Oyapx-

5.5 Case Studies

This section deals with the results of the presented CDB T1 TS FLS on case studies discussed
in Chap. 2. For the general description of these systems along with the mathematical
formulation and DOE, see Chap. 2.

5.5.1 Academic Example

The uniformly distributed random input signal chosen for this artificial academic example is
shown in Chap. 2. The data is split into two halves; the first half is for identification and the
other half is for validation. The clustering is performed in the input space and the value of
fuzziness parameter is chosen as v = 1.3. Moreover, the number of local models is selected as
¢ =06 as a compromise between model complexity (parsimony) and approximation accuracy.
It is demonstrated in Fig. 5.4, where the number of local models are plotted against the
NMSE of the NOE model for the test dataset. The following antecedent and consequent
variables are used: z(k) = x(k) = [u(k-1),y(k-1),y(k-2)]". The Sequential Forward
Selection (SFS) [27, 89] method was used for selecting these variables, in which each input
is selected sequentially to optimize the total squared error. The output signal together
with the output of the NARX model is illustrated in Fig. 5.5. As expected the output of
the NARX model looks very accurate. The NARX model is then evaluated for the NOE
case. The results for the NOE model are further improved using nonlinear optimization as
described in Sec. 5.4 and demonstrated in Fig. 5.6. The modeling results for the academic

case study are given in Tab. 5.1.
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Figure 5.4: The number of local models (¢) versus the NMSE of the NOE model for the test dataset

Type of Identification Data Validation Data
CDB T1 NMSE NMSE
MaxAE RMSE MaxAE RMSE
TS FLS (x1073) (x1073)
NARX 1.119 3.395 0.154 1.175 3.110 0.148
NOE WO 2.198 8.271 0.240 2.202 12.048 0.290
NOE_ OPT 1.015 1.959 0.117 0.664 2.065 0.120

Table 5.1.: Values of MaxAE, NMSE and RMSE for the NARX, NOE_WO (Without Optimization) and
NOE_OPT (Optimized) models for the academic case study
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Figure 5.5: The true output time series and the output of the NARX model for the academic example
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Figure 5.6: The true output time series and the output of the NOE model before and after optimization for

the academic example
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5.5.2 Electro-mechanical Throttle Valve

The phase optimized multisine signal chosen for the electro-mechanical throttle is shown in
Chap. 2. The clustering is performed in the input space, as the results of clustering in the
product space does not change the result. The value of fuzziness parameter is chosen as v =
1.3. Moreover, the number of local models is selected as ¢ = 8 as a compromise between model
complexity and approximation accuracy. It is demonstrated in Fig. 5.7, where the number
of local models are plotted against the NMSE of the NOE model for the test dataset. The

| | | | | | | |
02 4 6 8 10 12 14 16 18 20

The number of local models (c)

Figure 5.7: The number of local models (c) versus the NMSE of the NOE model for the test dataset

following antecedent and consequent variables are used: z(k) = [u(k-1),y(k-1)-y(k-2)]",
x(k) =[u(k-1),y(k-1),y(k-2)]". As previously, they are selected based on the Sequential
Forward Selection (SFS) [27, 89] method. The sampling time is chosen to be T = 10 ms.
The first 900 (90 %) data points are used for identification, whereas the remaining 100 (10
%)data points are used for validation. This split was based on the experience about the
system. There should be enough data points for identification, in order to obtain the desired
modelling performance. Reducing the amount of data in the identification data set, reduces
the modelling performance. The model is first trained for the NARX case and the results
obtained are illustrated in Fig. 5.8. Having estimated the NARX model, the NOE model
was evaluated. The modeling results of the NOE model before and after optimization are
demonstrated in Fig. 5.9. The results of the modeling for the electro-mechanical throttle

case study are given in Tab. 5.2. As apparent from Tab. 5.2, the modelling performance of
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Type of Identification Data Validation Data

CDB T1 MaxAE NMSE RMSE MaxAE NMSE RMSE

TS FLS in° (x1073) in ° in° (x1073) in°

NARX 0.914 0.001 0.055 0.110 0.034 0.033
NOE_WO 4.4688 15.17 2.144 1.250 20.253 0.817
NOE_OPT 0.486 0.058 0.133 0.398 1.232 0.210

Table 5.2.: Values of MaxAE, NMSE and RMSE for the NARX, NOE_ WO (Without Optimization) and

the NOE model improved significantly after optimization, which shows the importance of

NOE_OPT (Optimized) models for the electro-mechanical throttle case study

using optimization for this case study.

Q0
o
T

D
o

Angular displacement in °
) e
S )

Identification data

(==}

2 3 4 5 7 8 9
Time in sec.
—— Reference time series —— NARX output

Figure 5.8: The results of the NARX model for the electro-mechanical throttle
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Figure 5.9: Measured output time series and output of the NOE model before and after optimization for the
electro-mechanical throttle

5.5.3 Servo-Pneumatic Longitudinal Drive

The phase optimized multisine signal chosen for the servo-pneumatic longitudinal drive is
shown in Chap. 2. For this case study, the value of the fuzziness parameter v = 1.1, and the
number of local models ¢ = 10 is selected. The value of the number of local models is selected
as a compromise between model complexity and approximation accuracy as demonstrated in
Fig. 5.10. Like the previous two case studies, the clustering is performed in the input space.
The following antecedent and consequent variables are used: z(k) = [u(k-1),y(k-1),y(k—
DT, x(k) = [u(k-1),u(k-2),u(k-3),y(k-1),y(k-2),y(k-3)]". It is a usual practice to
have the same antecedent and consequent variables. However, since the Sequential Forward
Selection (SFS) [27, 89] method is applied separately on both the antecedent and consequent
variables, different antecedent and consequent variables were obtained. The sampling time
is chosen as Ts = 0.1 s. The first 700 data points are used for identification, whereas the
remaining 100 data points are used validation. This split was based on the experience about
the system and the system constraints. Reducing the number of data points to below 700
resulted in the deteriorated system performance, and thus this split was selected. The data
points for the validation data set can be increased by increasing the length of the experiment.
However, it is not done in this work. The model is first trained for the NARX case and the
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Figure 5.10: The number of local models (c) versus the NMSE of the NOE model for the test dataset

results obtained are illustrated in Fig. 5.11. Finally, the modeling results of the NOE model

before and after optimization are demonstrated in Fig. 5.12.

Type of Identification Data Validation Data

CDB T1 MaxAE NMSE RMSE MaxAE NMSE RMSE

TS FLS inm (x1073) inm inm (x1073) inm

NARX 0.026 1.368 0.005 0.021 1.167 0.004
NOE_WO 0.079 71.048 0.036 0.026 6.392 0.010
NOE_OPT 0.021 1.601 0.005 0.030 7.1555 0.011

Table 5.3.: Values of MaxAE, NMSE and RMSE for the NARX, NOE_WO (Without Optimization) and
NOE_OPT (Optimized) models in the servo-pneumatic longitudinal drive case study

The results of the modeling for the servo-pneumatic longitudinal drive case study are given
in Tab. 5.3. Note that, after the optimization of the NOE model, the NMSE value slightly
decreases, whereas the MaxAE and RMSE values more or less remain the same. The

performance on the identification has improved significantly, however.
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Figure 5.11: The results of the NARX model for the servo-pneumatic longitudinal drive
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Figure 5.12: The measured output time series and the output of the NOE model before and after optimization
for the servo-pneumatic longitudinal drive
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5.6 Summary and Discussion

The modeling of dynamic systems using CVD T1 TS FLS has been described in this chapter.
Owing to the universal approximation capability of the Takagi-Sugeno fuzzy models, they
are widely used to model non-linear dynamic systems. By selecting the appropriate model
structure and parameters, it is possible to capture the system dynamics using the input-
output data. The results for the three case studies demonstrated that the presented modeling
methodology is capable to capture the crisp-valued output time series, which is actually the
expected output response. The modelling procedure starts with the estimation of the NARX
model. The fuzzy c-means clustering was used for determining the antecedent structure,
whereas the ordinary least squares method was used to estimate the parameters of the local
model. The model was succeedingly tested for the NOE case. In order to improve the
performance of the NOE model, the parameters of the NOE model were optimized by using
the non-linear optimization algorithm.

In the sequel, modeling results will be presented using interval data to capture the envelopes
of response resulting from the stochastic nature of the system (more specifically, the vari-
ability in the system output). The modeling results can be further improved by choosing an
optimal input signal, increasing the signal length, tuning the parameters of the nonlinear
optimization algorithm, and the selection of optimal model structure etc., which is, however,

not the focus of this research.

94



Interval-Data Based Type-1 TS
FLSs

A concise description of the model structure of the IDB T1 FM together with the procedure
to obtain the model parameters is provided in this chapter. This model uses interval-data
for identification and has the type-1 fuzzy sets in the antecedent part. By using the so-called
Interval-Data Based Crisp-Valued FCM clustering (IDB CV FCM) and the method of linear
interval regression, a NARX model is first estimated followed by the estimation of the NOE
model using a nonlinear optimization algorithm with the NARX parameter as the initial
estimate. The modeling results of IDB TS FM are demonstrated in the chosen case studies.

In the end, some concluding remarks are given in the discussion section.

6.1 Model Structure

The i-th rule of the IDB T1 TS FM is characterized by a multivariate fuzzy set having

interval-valued prototypes and a set of interval consequent parameters and is given by:
R;: IF z1S ¥; THEN §;(x) =&/ [1 ']’ (6.1)

where:
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6. Interval-Data Based Type-1 TS FLSs

R;: i-th fuzzy rule,
Z: interval type antecedent or scheduling variable, z = [z,z] € R"*2,
Vi interval type i-th cluster prototype, ¥; = [v;, v;] € R"*?,
Gi: interval type output of the i-th rule, g; = [gﬂgjl] e R1*2,
a;: interval type consequent or local model parameters, a; = [a;,a;] € R(e*1)*2)
X: interval type consequent or regressor variable, X = [x,%] € R"*2,

The degree of fulfillment of the premise of the i-th rule is determined by the membership
function of the IDB CV FCM clustering. Mathematically:

1 51
Y NCOR
e - | 35 (G , (62)
’ 2\ 2w,
where d%..(-,-) is the squared Euclidean distance between the interval type vectors, v € R>!
is the fuzziness parameter, and pu;(z) € [0,1] is the crisp membership value of the interval
scheduling variable (z) to the i-th cluster. Owing to the orthogonality of the membership
functions 5., 4i(Z) = 1 holds. Given the two interval vectors Z = [z,7] € R™*2 and

V; = [vi,¥;] e R"*2 the squared Euclidean distance ! between them is defined by:
i (2,Vi) = |1z - vill3 + 12 - vill3 (6.3)

This is graphically illustrated in Fig. 6.1. Note that, although both the scheduling variable

i (2,0) = [|z — vl[3 + |2 — 9l3

Figure 6.1: The squared Euclidean distance diyy between two intervals Z and o

and the cluster prototypes are interval variables, the distance between them is a crisp number
as given in Eq. (6.3), which leads to T1 fuzzy sets. More about this clustering is given in the
next section. The output of the IDB T1 TS FM is calculated as the weighted composition

'Note that other distance norms defined for interval numbers can also be used such as the Hausdorff distance
norm between intervals.
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of the interval output of each local model, where weights are given by their corresponding

crisp membership values as follows:

<

(%.7) = gui@ (). (6.4)

The entire identification algorithm comprises of the estimation of the following two sets of

parameters:

1. A set of interval premise or antecedent parameters, i.e. a set of ¢ cluster centers or
prototype vectors lumped into a single vector v = [v,v] € R7«*? vy := [v],...,vl]" €

C
R v=[v],...,v[]T e R .

2. A set of interval consequent or local model parameters consisting of ¢ parameter
vectors of local affine models lumped into a single vector a = [a,a] € Re(ret1)>x2
T]T

a:=[a],...,a]

Note that for programming convenience in Matlab, the sets of antecedent and consequent
vectors are lumped into vectors, rather than matrices. The whole procedure to estimate

these parameters is summarized in Fig. 6.2.

The input signal u € RY is applied to the system M times and leads to M output time
series y each having the length of N samples. The additive measurement noise term is
represented by & which is generally i.i.d. zero mean and finite variance; however, the
proposed approach does not require any assumption about £. The pre-processing converts
the output time series into interval form, i.e. it reduces the M columns of the output matrix
Y e RV*M to two columns for the lower (ye RY) and upper (¥ € RY) output time series or
envelops. The details of this step are provided in Chap. 3. In order to estimate the NARX
model parameters of the IDB T1 TS FM, the interval output time series y = [y,y] is first
converted to antecedent (Z,Z € RM*7a) and consequent X, X € RV*™ matrices, which take
their corresponding orders of input and output lagged terms as inputs. These matrices are

defined as follows:

Z=lu(k=-7-1),..oulk=7-ny,),y(k=1),....,y(k -ny,)] (6.5)
Z=lulk-7-1),...,u(k-7-n4,),¥y(k-1),...,5(k—ny,)] (6.6)
X=[u(k-7-1),...,u(k-7-ny),y(k-1),...,y(k-ny,)] (6.7)
X=[u(k-7-1),...;u(k-7-ny),y(k-1),...,¥y(k—ny,)] (6.8)
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Figure 6.2: The block diagram illustrates the procedure of parameter estimation for IDB T1 TS FM for the
NARX case

From these matrices, the interval vectors can be formed by a simple concatenation:
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6.2. Partitioning of the Antecedent Space

u(k-7-1) u(k-7-1)
z1(k)
#(k) = [z(k).z(k)] =| ... |= “(k_]:_lnua) “(kf;_l"““) eR™2 k=1,... N
5 (k) y(k-1) y(k-1)
Q(k_nya) g(k_nya)
(6.9)
u(k-7-1) u(k-7-1)
z1(k)
K0 = xRy xW)]=| .. |- “““‘k“l”"“) N S Y
) y(k-1) y(k-1)
Z_J(k_nyc) y(k—ny,.)
(6.10)

These interval vectors are then used to estimate the antecedent and consequent parameters

in the realm of symbolic interval-valued data as described in the following sections.

6.2 Partitioning of the Antecedent Space

The scheduling variable z(k), which consists of both the point-valued data (input u) and
the interval-valued data (output ¥), is clustered using the Interval-Data Based Crisp-Valued
Fuzzy C-Mean (IDB CV FCM) clustering algorithm. Considering the fact that point-valued
data can be seen as a special case of interval-valued data, z(k) is dealt with the theory of
symbolic interval-valued data. The IDB CV FCM clustering furnishes the fuzzy partitioning
of the space of z(k) and provides interval prototypes (¥). A brief description of this method

is given next, see [1] and the references therein for details.

Let the interval-valued data to be clustered be given by z(k) = [Z1(k),..., 2, (k)]", k =
1,...,N; where (k) = [a],b]] € Jap = {[a,b] : a,b € Ra < b}, j = 1,2,...,7. Let the
prototype v; of each cluster P, be represented as a vector of intervals, i.e. v; = [17%, e ﬂf,a]T,
i=1,...,¢c, where 17; = [a?ﬁf] €Jap={[la,f]:a,BeR,a<P},j=1,2,...,7q. Let veR!
be the fuzziness parameter. The IDB CV FCM algorithm minimizes (locally) the adequacy

criterion based on squared Euclidean distances between vectors of intervals as follows:
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~ N Ta, . . . .
Toscvren(Z,U,0,v) = 32 3 it (#(k)) zi [(af - al)?+ (v] - B1?]. (6.11)

C
i=1k=1
As the standard CDB CV FCM, the IDB CV FCM algorithm starts with the random initial-
ization of the cluster prototypes, and then subsequently iterates between the representation

and allocation steps. In the representation step, the clustering prototypes are updated as

follows:

N . N )
oz ¥ (a(k))al . i (z(k))by,
j_ k= J_ k=
o =5 - and S = = - . (6.12)
¥ i (z(k)) X pi (z(k))
k=1 k=1
In the allocation step, the values of the memberships are updated according to:
T L -1
| E [l -adr -0
- - j=1
wi(z(k) = [ Y| % (6.13)
h=1

[(af ~ )2 + (4~ 5))?]

1l
—_

J

The IDB CV FCM clustering algorithm for symbolic interval data is executed in the following

steps [1]:

1: procedure IFCM ALGORITHM

2: Initialization:

3: Choose ¢ (Number of clusters), 2<c< N

4: Choose v (fuzziness parameter), 1 < v < oo

5: Choose T (maximum no. of iterations), 1 <7 < oo

6: Choose € (tolerance limit), € >0

7 Randomly initialize 177] (interval cluster prototypes), i=1,...,¢,7=1,...,7q

8: Set ¢ =0 (iteration counter)

9: repeat

10: Representation step:

11: Fix the membership degrees ji; ;, and compute the prototypes 175 using (6.12)
12: Allocation step:

13: Fix the prototypes 17{ and compute the membership degrees y; 1, using (6.13)
14: t<—t+1

15: until |Wi - Wil <e or ¢>T
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16: Output: cluster prototypes (v;) that locally optimize (6.11)

17: end procedure

6.3 Estimation of the Local Model Parameters

The center and range method [64] is used for the estimation of the local model parameters
because of its simplicity and the fact that the parameters of the local models are estimated
in a least-squares optimal sense. The method applies the weighted linear regression on mid-
points (centers) and ranges of the interval valued consequent variable x(k), which can later

be used for determining the output §(k).

Let the consequent variable X(k) be written as x(k) = [#1(k),..., 2. (k)]" with Z;(k) =
[Ck,d7] € Jeqg = {le,d] : ¢;d e Rje < d}, j =1,....,rc and k = 1,...,N. Further as-
sume that x°"(k) = [2{*"(k),..., 27" (k)]", where z{™"(k) = 0.5(011 + di) and x" (k) =
(24 (k), ..., 2" (k)]", where xhr(k) 0. 5(dj c]), represent the center (cen) and half range
(hr) values of x(k). Let the consequent parameters of the ¢-th rule (the parameters of the i-th
local affine model) be represented as &; = [a,a’,. .., a. ]™, where @ a;=[v] ,5j] €Jy5=A{[7,0]:
v,0 € R,y < §}. Moreover, assume aj™ = [aZ R where a;’ce“ = 0.5('\/5 + 6{ )
and al'" [az)hr,allhr,...,ai.chr] Wherea —05(67 'yz) j=0,1,....rcandi=1,..., ¢, rep-
resent the center (cen) and half range (hr) values of &;. The vectors lumping all the center
and half range consequent parameters are given by a®® = [(a$™)7, ..., (a%")T]" e R(e*De,
where a®® e RU<*D) i =1,... cand a™ = [(al")7,..., (a?)T]T e RCe*De where al™ € R(re*1)
i=1,...,c. These vectors are estimated globally by using the Ordinary Least Squares (OLS)
method (for the NARX model). Denote the diagonal matrix M; e RV*Y which has the mem-
bership grade u;(z(k)) as its k-th diagonal element with 1 <7< ¢ and 1<k < N. Define the

matrices

Xscn = [XCOH’ 1] € RNX(T'chl)’ (614)
XPri= X 1] e RV CerD), (6.15)

where 1 is a unitary column vector in R, X" and X™ are the input matrices for the

center and radius consequent part, respectively.

X = [x°0(1), ..., x“N(N)]T e RNV*Te, (6.16)
X [x(1),. L, xPT(V)]T e RV (6.17)
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Moreover, define

X§0 = [MyXS, ... M XS] e RN*(rerl)e, (6.18)
XEoo M X M XM e RN*(rer e, (6.19)

The reference interval output is defined as y = [g(1),...,7(N)]", with §(k) = [y,5] € T =
{[s,t] : s,t e R,s <t}, k=1,...,N. The center and half range values of y(k) are defined
in the same way: y°" = [y®"(1),...,y*"(N)]" with y**(k) = 0.5(y(k) + 5i(k)), and y" =
(™ (1),...,y™ (N)]" with y"* (k) = (y(k) -y(k)), k =1,...,N. The center and half range

values of the parameters of the local models (&) a°® and a™ are calculated as

acen — [(X]cEcn)TX]cEcn]—l (X%cn)TyCOII7 (6,20)
" = [0 X Xy (621

6.4 Estimation of the NOE Model from NARX Model

The model estimated in the previous step is the NARX model which is evaluated in the
scheme shown in Fig. 6.3. The NARX model predicts one step ahead interval outputs

IDB T1 TS FM

[x(k), %(k)]
Antecedent Antecedent MF | (3
qo,—l,‘.“—nu,ﬁrl | Params: g Fuzzy Merging
ulk =7 = 1) 0Ly +1 v[v.v] k) = [k, 5]
4 i (k) - G (k) — -
e — 1), 5(k — . 7 (k) = =9y
ly(k —1),5(k - 1)] Consequent Affine Local 0, (k) - 30 (k) §=gem 4 gt
qO,—l,...,—nuCJ»l L Models — %
qo,—l,‘..,—nwﬂ Params: a®, aP* yier(k), yi* (k)

[z(k), (k)]

Figure 6.3: The evaluation scheme of the NARX model

(g}(k)) using the past inputs and past measured interval outputs. Having estimated the
NARX model, its performance is evaluated for the NOE model scheme as illustrated in
Fig. 6.4. As apparent from the figure, the NOE model uses the input signal and the past
predictions to make the future predictions. The model estimated for the NARX case is
usually not satisfactory for the NOE evaluation, in such a case, nonlinear optimization is used

to estimate the model parameters for the NOE model as shown in Fig. 6.5. The parameters of
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Figure 6.5: The estimation of the NOE model

the NARX model are used as the initial estimate. The reason why models are not trained for
the NOE case by default is the resulting complex non-linear recursive optimization problem
[38]. Furthermore, since the optimization results are highly dependent and sensitive on
initial values, the parameters of the NARX model are passed to the nonlinear optimization
as the best initial guess. The parameters to be optimized include cluster prototypes and

local model parameters.

The center and half range of the cluster prototypes v = [v1,...,V.]|" are defined as v =

[(VS™)T, ., (VE)T] € R where v§* € R™; and v = [(V?)T,...,(Vgr))T] e Re,

where V?r € R™; 4 =1,...,c. Denoting the lumped parameter vector of a NARX model
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as Oyanx = [(V™)T, (VvP)T, (™), (a")T]7, with Oyapx € R2Ce*7e*D) " the optimal set of
parameters for the NOE model @y, is obtained by minimizing the mean quadratic prediction

error of the NOE model for y = [y,y]:

* . ]- N — S
Oyvor == 0" = arg min — Z(y(k) - ynor(0, k))2+
0 Nk=1
(y(k) - 7,,,(0,%))* (6.22)

In this research, the Matlab function 1sqnonlin is used for solving the optimization problem
in (6.22). The Levenberg-Marquardt method [55, 56] is selected as nonlinear optimization
algorithm.

6.5 Case Studies

The results of IDB T1 TS FM in three case studies are provided in this section. For the
general description of the test stands and the DOE see Chap. 2.

6.5.1 Academic Example

The input signal u of length N = 2000 applied to this system is shown in Chap. 2. The
experiment is repeated M = 100 times which leads to a family of output time series given
in Chap. 3. The extended Chebyshev’s inequality with a = 0.25 is applied to the M time
series which transforms the output signal N x M manifold in the form of an interval, i.e.
a N x 2 matrix, where the first and second columns represent the lower and upper time
series, respectively. The value of fuzziness parameter (v = 1.3), and the number of local
models ¢ = 6 is selected to give a good compromise between the model complexity and the
approximation accuracy. It is demonstrated in Fig. 6.6, where the number of local models
are plotted against the NMSE of the NOE model for the test data set. The antecedent and

consequent variables are given by:
z(k) =x(k) = [u(k - 1),5(k - 1),5(k - 2)]"

The Sequential Forward Selection (SFS) [27, 89] method was used for selecting these vari-

ables, in which each input is selected sequentially to optimize the total squared error. The
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Figure 6.7: The output of the NARX model for the academic example
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Figure 6.8: The output of the NOE model before optimization for the academic example
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Figure 6.9: The output of the NOE model after optimization for the academic example

The results of the NARX model are illustrated in Fig. 6.7. The results of the NOE model
before and after optimization are depicted in Fig. 6.8 and Fig. 6.9. Theses models are
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assessed using the indices mentioned in Chap. 4, and the results are shown in Tab. 6.1. The

error is defined as follows:

e(k)=ye-ye (6.23)
where y = [y,¥]" and ¥e = [y,¥]".
Type of Identification Data /alidation Data
IDB T1 NMSE NMSE
MaxAE RMSE MaxAE RMSE
TS FLS (x1073) (x1073)
NARX 1.456 4.485 0.183 1.520 4.355 0.183
NOE_WO 2.344 11.254 0.289 2.250 14.025 0.328
NOE_ OPT 0.410 0.607 0.067 0.455 0.863 0.081

Table 6.1.: Values of MaxAE, NMSE and RMSE for the NARX, NOE WO (Without Optimization) and
NOE_OPT (Optimized) models for the academic case study

6.5.2 Electro-mechanical Throttle Valve

The input signal u of length N = 1000 applied to this system is shown in Chap. 2. The
sampling time is chosen to be Ty = 10 ms. The experiment is repeated M = 80 times.
The value of o = 0.25 is chosen for the extended Chebyshev’s inequality. The value of the
fuzziness parameter v = 1.3 is selected. The number of the local models ¢ = 8 is selected to
give a good compromise between the model complexity and the approximation accuracy as

demonstrated in Fig. 6.10. The antecedent and consequent variables are given by:
z(k) =x(k) = [u(k - 1),5(k - 1),5(k - 2)]"

It is a usual practice to have the same antecedent and consequent variables. However, since
the Sequential Forward Selection (SFS) [27, 89] method is applied separately on both the
antecedent and consequent variables, different antecedent and consequent variables were
obtained. The clustering is performed in the input space. The first 900 data points are used
for identification, whereas the remaining 100 data points are used for validation. The results
of the NARX model are demonstrated in Fig. 6.11. The results of the NOE model before
and after optimization are depicted in Fig. 6.12 and Fig. 6.13, respectively. The results of

these models are shown in Tab. 6.2.
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Figure 6.10: The number of local models (¢) versus the NMSE of the NOE model for the test data set

Type of Identification Data Validation Data

CDB T1 MaxAE NMSE RMSE MaxAE NMSE RMSE

TS FLS in° (x1073) in° in° (x1073) in°

NARX 1.224 0.022 0.081 0.165 0.075 0.052
NOE_WO 5.431 12.008 1.911 2.006 21.239 0.868
NOE_OPT 1.660 1.028 0.559 1.328 7.018 0.499

Table 6.2.: Values of MaxAE, NMSE and RMSE for the NARX, NOE_WO (Without Optimization) and
NOE_OPT (Optimized) models for the electro-mechanical throttle case study
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Figure 6.11: The output of the NARX model for the electro-mechanical throttle
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Figure 6.12: The output of the NOE model before optimization for the electro-mechanical throttle
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Figure 6.13: The output of the NOE model after optimization for the electro-mechanical throttle
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6.5.3 Servo-Pneumatic Longitudinal Drive

The input signal u of length N = 800 applied to this system is shown in Chap. 2. The
sampling time is chosen to be T = 0.1 s. The experiment is repeated M = 100 times which
leads to a family of output time series given in Chap. 2. In this case study, the value of the
fuzziness parameter v = 1.1 is selected. The number of the local models ¢ = 10 is selected
to give a good compromise between the model complexity and the approximation accuracy

as demonstrated in Fig. 6.14. The antecedent and consequent variables is selected by the

0.4 ]
0.3} :
= I 1

wn

= 0.2 B
) |
0.1 |
0 | | | D E— | | ‘J

2 4 6 8 10 12 14 16 18 20

The number of local models (c¢)

Figure 6.14: The number of local models (c) versus the NMSE of the NOE model for the test data set
Sequential Forward Selection (SFS) [27, 89] and given by:

z(k) = [u(k -1),5(k - 1),5(k - 2)]"
x(k) = [u(k - 1),u(k - 2),5(k - 1),5(k - 2),5(k - 3)]"

The clustering is performed in the input space. The first 700 data points are used for
identification, whereas the rest of 100 data points are used for validation. The results of
the NARX model are demonstrated in Fig. 6.15. The results of the NOE model before and
after optimization are depicted in Fig. 6.16 and Fig. 6.17. The modeling results are shown
in Tab. 6.3.
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Type of Identification Data Validation Data
CDB T1 MaxAE NMSE RMSE MaxAE NMSE RMSE
TS FLS in m (x1073) in m inm (x1073) in m
NARX 0.027 1.328 0.005 0.026 2.419 0.006
NOE_WO 0.068 34.270 0.025 0.087 136.654 0.047
NOE_OPT 0.040 6.057 0.010 0.059 23.002 0.019

Table 6.3.: Values of MaxAE, NMSE and RMSE for the NARX, NOE_WO (Without Optimization) and
NOE_OPT (Optimized) models for the servo-pneumatic longitudinal drive case study
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Figure 6.15: The output of the NARX model for the servo-pneumatic longitudinal drive
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Figure 6.16: The output of the NOE model before optimization for the servo-pneumatic longitudinal drive
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Figure 6.17: The output of the NOE model after optimization for the servo-pneumatic longitudinal drive
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6.6 Summary and Discussion

The modeling of dynamic systems using IVD T1 TS FLS is described in this chapter. This
model uses interval-valued data to estimate the T'1 based multi-dimensional NOE T'S model.
The gist of the method lies in the repetition of the experiment. Using pre-processing the
output time series are converted into lower and upper bound time series. The modeling
results in the three case studies demonstrated that the presented modeling methodology is
able to capture the lower bound, the upper bound and the mean time series. The modeling
results can further be improved by designing an optimal input signal, increasing the signal
length, tuning the parameters of the nonlinear optimization algorithm, and the selection of

optimal model structure.
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Conclusions and Outlook

This dissertation presents various approaches to build mathematical models using T1 and
IT2 TS FM that can provide the mean response of an uncertain nonlinear dynamic system
along with the spread around the mean as the measure of variability of the system output.
The major contributions include the description of the system output as interval, rather
a than crisp value, in order to capture the uncertainty in the observed data, without us-
ing an unrealistic assumption of normality, and to use this interval data to develop novel
TS modelling frameworks, which are capable of handling the interval data. The methods
of uncertainty modeling as well as TS fuzzy modeling using crisp and interval data have
been presented and demonstrated for a nonlinear academic benchmark system, an electro-
mechanical throttle and a servo-pneumatic longitudinal drive. By using the probabilistic
analysis, it has been observed that the obtained PDFs are not 'nice’ enough and too de-
manding to be handled by the existing probabilistic techniques. These PDFs are mostly
non-normal, multimodal and often unsymmetric making it extremely difficult and computa-
tionally intractable to be used in the existing probabilistic modeling techniques. In order to
come up with this conclusion, it was essential to first perform a probabilistic analysis, and
thus to decide on the appropriate method. Moreover, the probabilistic analysis can be used
in the future to improve the modeling even further, e.g. by incorporating fuzzy or histogram
type of data in the fuzzy modelling. The presented approach in this thesis can use either
max-min bounds, percentiles of data, or the extended Chebyshev inequality to obtain upper
and lower bounds of the output time series. These bounds are directly used in the TS fuzzy
model using the theory of symbolic interval-valued data. The developed model is referred
to as the Interval-Data Based (IDB) Type-1 (T1) TS FM and its comparison with the other
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possible alternative model description are presented in this research. The IDB T1 TS FM
directly uses interval data in the modeling procedure by utilization the techniques of fuzzy
clustering and regression on symbolic interval-valued data. This model is unique since it
provides the estimates of the upper and lower bounds, whereas the mean response can be
calculated by averaging them. Consequently, the obtained parameters are in the form of
an interval. The results show that the presented approach is able to adequately model the
stochastic effects due to the variability in the system’s output in a unified efficient modelling
framework. Apart from IDB T1 TS FM, the detailed modeling procedure using classical
CDB T1 TS FM has been presented for all the case studies. Moreover, the conceptual

sketches of IT2 modeling using crisp and interval data have been presented.

In the future, the modeling framework using crisp and interval data for IT2 TS FM can
be investigated. Because of the superior uncertainty handling capability of type-2 FLS as
compared to its counterpart type-1 FLS [42], the extension of type-1 FLS to T2 FLS for
the developed modelling cases will be quite interesting. Since such models should be able to
handle both crisp and interval data, and should have memberships expressed by intervals,
special fuzzy clustering methods will be utilized. The effect and interpretation of uncertain
cluster prototypes on modeling results will be explored. It will be interesting to observe the
type-reduced fuzzy set of system output and to study its interpretation. In addition, the
method will require special treatment for regression analysis in order to estimate consequent
parameters. Moreover, some other techniques for obtaining less-conservative and robust
upper and lower bounds from systems can be determined. In addition to developing models
only for the mean values and the envelopes, the possibility of using histograms at each time
instant directly in the modeling procedure using the theory of Symbolic Data Analysis can
be explored. It may also be interesting how the PDFs defined by GMMs / KDE can be
used instant-wise in modeling. Lastly, the input-output model description can be changed
to a state space description to analyze the uncertainty in terms of state matrices, which can
be beneficial for robust control. This concludes the outlook and some directions for future

research.

116



Appendices

A.1 Proof of the Chebyshev’s inequality
In order to prove the Chebyshev’s inequality, the prove of Markov’s inequality will be given
first.
The Markov’s inequality is given by:
E
P(r>a)< Elr] (A.1)
a

Where P, is the probability of the random variable r and a € R*?. Consider the indicator

function a - 1,5, with the amplitude a given by:

a ifr>a
a-lpza = (A2)
0 otherwise

This function is illustrated in Fig. A.1. From the indicator function it is apparent that:
a-liza <t (A.3)
Taking the expected value E[-] on both the sides of (A.3)

Ela- 1] <E[r] (A.4)
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a- 1rza

Figure A.1: The indicator function

Since E[a-15a] = a-E[1;2a] and E[1,s5] is the definition of P (r > a), the equation (A.4)
cab be written as: E
P(r>a)< Elr] (A5)
a

which concludes the proof of the Markov’s inequality. Now the Chebyshev’s inequality can
be derived from (A.5). Replacing r — |r — p,| in (A.5) yields the following:

P(r - pral 2 a) < M (A.6)

The (A.6) is actually identical to the following equation:

Ef(r- 2
P(r - j12)? 2 a%) SM (A7)
a
Finally, combining (A.6) and (A.7) leads to:
E|(r- /41)2

a

By definition, E [(r - pm)Q] = o2. Putting this value in (A.8) and replacing a = k-0, concludes
the proof of the Chebyshev’s inequality:

1
Pl = pial 2 k-02) < (A.9)
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A.2. Proof of the coverage factor for the extended Chebyshev’s inequality

A.2 Proof of the coverage factor for the extended Chebyshev’s in-
equality

The extended Chebyshev’s inequality is given by:

1 M-1
P(lyr = my, | > ke sy,.) < ( +1) A.10
(| k Jk‘ f Jk) ]W(]W+1) sz ( )

Equating the right hand side with the significance level « provides the equation of the

coverage factor as follows:

1 M-1
e ( = +1) -« (A.11)
( + 1) cf
Mk; L on/M(M +1) -1 (A.12)
cf
he= | — el (A.13)

a/M(M+1) -1
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Some novel approaches to estimate Nonlinear Output Error (NOE) models using
TS fuzzy models for a class of nonlinear dynamic systems having variability in their
outputs is presented in this dissertation. Instead of using unrealistic assumptions
about uncertainty, the most common of which is normality, the proposed meth-
odology tends to capture effects caused by the real uncertainty observed in the
data. The methodology requires that the identification method must be repeated
offline a number of times under similar conditions. This leads to multiple input-
output time series from the underlying system. These time series are prepro-
cessed using the techniques of statistics and probability theory to generate the
envelopes of response at each time instant. By incorporating interval data in fuzzy
modelling and using the theory of symbolic interval-valued data, a TS fuzzy model
with interval antecedent and consequent parameters is obtained. The proposed
identification algorithm provides for a model for predicting the center-valued re-

sponse as well as envelopes as the measure of uncertainty in system output.
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